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What is statistics?

STATISTICS is a branch of mathematics concerned with the investigation of
variability in natural phenomena, particularly with the recognition and analysis of
regularities in natural phenomena and relationships between different natural
phenomena. The principal aim of statistics is to provide a basis for drawing objective,
justifiable and verifiable conclusions from limited observational material (or sample
datasets).

GEOSTATISTICS is a branch of applied statistics concerned with the research issues
specific to geosciences.

Why do we need statistics in geosciences?

We do need statistics in geosciences because:

e Our geological data are inherently statistical, derived as some
very limited sample datasets.

e Our datasets always need to be summarized in an easy and
objective way - for an overview, conclusion and comparisons.

o Statistics prevents us from drawing subjective inferences and
conclusions from our (generally objective) data.

o Statistics allows us to evaluate other researchers’ data and
conclusions and in this way re-assess many existing theories.




B Basic terminology

o Varisble — any physical, dhemicok or blolgical property
of the gesloglcak object studded , which (s the subject of

our sustematic measurements or observations.

Vewriables l

-
l Qu aﬂl"‘l‘*'al‘ (,‘\/Q

vewtakle s

These are measureable and
have values (expressed
ob,'ecf'\’vdtg as nambers).
QuamBtzhive vevichles can k.
B conhnuous

(e.q., the content of a minech

or hemdeal Cpronevvf' e
a rocke s or bed Hu’c!me.SS)
or

B dosorete

(e.., the. numbes of cozk beds
i 2 rode succe ssvon or the

mamber O" bivalve :pea‘mems
n a Leme stone urit studwd Jn
om outowp).

The values ef contimious quantrtative

vaniables are expressed on:

e rai‘(o scaie. - wMtJ‘\ has an
absolute zero amd ea'ua,(—
untervals Ce.a., bed thiclmess,
mineral content, léngth, ei’c.)

or
e inferval scale — uhich has an
arbitrary zero amd Cq,u&/‘v
vel s Ce_.g.) -fe,mporaﬁ,we)
pH, altitude, map coordinates),
The, values of desorete quanti-
tative vam)fbles awe exxje.ssal
(n the rzkio scale.

<+

Quaditaiive
vanlzkles

These are  non-megsurehble.
amd assume disorebe “states"

( descriptive categories).

For example: lithelogy , litho-
faa)es, stvab) flezblon pe, rock.
textwe 5 rock colour, fauna
species, mineral tupes and others.
Qualtahive vavlzbles awve
expressed (n either

® nomingl scale , uhlch (s a
norhierarchical multistate
scade. with gl stakes egual
(e.9., Wthelogy , colowr, fauna
specdes, etr.)
or

ordinal scale , wdh is &

Werardwcak muitistete sele
vith all states rambed relative
to one anwther

(e-9-, the Mohs scale of mineel
hawtdness, biotirbation intensity,
wlour tntensity, samdstone.
texture . métamerphic degree,
relative 24e of rock units in
Wthostratlgraphie section dfu)
A speciah case of nominal quali=
‘zhive vewisble s binary_(binomal)

variah(e., whidh has tip states only
(e present/absent, 4 or 0).




@ Sample population and general population

Geological study |
DATA sampling

S\
S ANL L INL L L L L
/ S

X T T
X P T TR IRL 7 % ,
: Ay NC_NL 2NN s s !
- 3 ’ 4 Y=o, .:'f e
s A ;3:;-. T NI e T, y P S e v
5 A o=y & AT
~ A AT ’r
-'-:: » / ¢’ R o 5 o
—
Sample population : : T
General population
%

- 4
Sample population is the collection of samples (data set) avas(able
for a particular study. The numbec of samples [dai&) (s finote, usually
very limdted. The samples are obsecvations on one or more vaniables.
General population s the geological object studied as a while (le.,
all possoble “samples” that theeretically might have been taken fom the
object studied). It may be consideced as an (nfinite population of
sampl&;,.oos uhich only a finte, small number aye available (sample
popw n).
A sample popdation has its size (numbec of samples, 1) and
dimension (numbe( of vam}wbleS, P> measured in each savmple). Sa'mple,
populad‘(,'ons ueth n £ 30 are generally regarded as “small’ When
amalyzed, & multidimensional (p>14) popudation cam be consicered
as umvariate , blivariate or multivar'zde., d.apmd,mg on. the
number of varizbles emalyzed at one tme. A one-dimensionak
populafion. (p=1) is necessarily unvariate.

A sample population to be g(@ggsmtai(l\_@, woth respect to the
3Wakple(fgagzntal) population, should be : P

(A) ramdomnzed (C.e., token in z ramdom, pon-preferentiak
manner, such that every part of Hhe object studied has am
equal chamce to be sampled);

(@) of appropriate size (e, nof too smalk, sufflctent to reveal
Lol variation of the vamdable er varizbles studred).

Tn geclegical research, these requirements ane seldom Uea

and 2 ”wnpl,z popwla/é'on, 0\(- convemence” (s meost o\e'fm used:

we collect data heve we can.




® Estimation of an ”oP'h'mal stze” of sample population

Sevecald d»ﬁ%«ewf -ﬁmwfae ceam be u.seol, alepom:lwg on howy He
vaccuracy” or the “ecpomy” of the sampling (s defined

The. Auashtc- lumac formula :

G:VDL ‘ 5%5&.>2
1+, e H62)
Whece. : Nopt = optimal number of samples;

Ne = the size of pmwﬂdn‘amd sample yopu,laiﬂon;
5. = the standand dewstion of the preliminavy prpudadion;
s, = the desirable accuracy, defined as Hhe acceptoble
a o
stamdemd envr of the mean;
t%o(, = 'HI& \/&Ltuc_ oﬁ t—ﬁmc;ﬁbn (—gvm, TA?L‘E 2 rﬁ‘(

DF = No-4 and selecked of, read for Fol-velue).
The confidence. level of dhe eshmate is (41-o4)100%.

n.OP{. =

Example: {x} 23.0, 30.3, 26.4, 36.8, 33.5
Ne=75, k‘oago.o) So =5.49
desirable stwdand error: S, £1.0

con e level: 90% (o€ =0-10
from. t-table: (TABLEZ): Ly, = 2.13 )

noy o (245 % 5.494.0)" _ 426.53
o TG | 64t

N =Nopt =No = 24-5 =46  addstional seomples needed

= 241

Formulae based on confidence intecyal for the true mean:

. 2
Wopt =(_Sf__t_w°_('.) oY Nept = "o(—l-'lf‘)
=L here L for pelot dat ot
uhere: So and Ty — as abor; wnere: Ne, =0 F '{g" asels
= .'ﬁ,u, - L = vequired for truemean
s tmhﬁfaﬁz'%}zs). for the same & 55 used o caloalate Lo-)’

The desirable accuraey hee s to hawe a confrdence of (4-—05)100%
ek dhe true meanm (s witin Hhe range of L. anund the
calwnlated mean Oﬁ sample ()opulﬁ"bl)n, (true meam = cale. mean fL).

Note comefully that the significamce (risle-of-error) lemel of the
estimote. (n each case Us oL, the t-value. (s )f:alcen o\gr&oc.



The Cochram -grmufa,:

gt V5/5E)(Ce/o5)

whee: SZ 5% — vanances cahwlzted frm ym'n
2 ond 5& = vactunces e oles e e
Lalom fom o fow outcrops, and the. estimater
of Ltn-outonp amd behseen-outorp vamizhin
have been obtained by one-wany ANOVA);
Ceo = costor i'me of study per expeswre (owf‘m'p 5
Cog = cost or time per savmplz (meadur‘&me«f or bgmg[:ﬁ@_
This frmula denves fom the cost/teme fmetion

cC = Ce-ﬂe, + C.ﬁ' ne_'ns
shere: C = dotal cost or Hime of the :
Co = costor Hime per exposure (o ) ;5
cg = costor time per .sz.»mpte/meaﬂurexnm’fj
Ne = ramber of outorops to Le studided;

Ng = number ol samples per outcop.

Example
Pre ldmanaay semple popudation hax glven s& = 0.6695
omd 52', = 0.0238, st e studny’s econonuic conddhbng

NS Co = €0 mmdes per outorop
Cs = 90 mimutes per sa./mpée
The use of the Cochram frmula guves :

nogt ~\(0.6635/0.0238) (60/20) =4,3188 = &
Estmate : 5 samples pec owtermp will be an optimal mamber,

A method for the optinmdzefbn of samplng tn the e
of directlonal (vectorizl) dafz. s gdvgwn%zx‘er b %Za
texd (p. 54-55)



B Frequency distribution

© Non-gruped and growped data

The table belory shows en exzmple of o S l‘zpcwf«&l'\be('npn—
dodo. (ovdgdnal mezsutemente) .FThe da}‘zgw;\:;)?ulaz‘zbm L's one—d“ngzlrﬁj
(wivemate) amd has a size of n=356.

Table 4. Measurements of the Hukleness of
a: cal bed (em); the number of data s n=356.

0 10 ™ 70 75 St 02 103 115

] M ui) 70 7 sS4 92 19 115

5 o 0 70 75 85 ud 104 115
1} 5 (1)) 70 s 85 X 14 113
2 M 1} 70 74 86 Nt 104 13
28 5 Gl 71 749 86 Wi 104 1EG
20 ot w2 71 74 S6 “ 104 1)
A2 al 62 71 79 8 - 14 116
S0 5 [} 71 70 NG 04 (1] 17
un Hi (¥} 71 749 80 ™ 14 118
a7 nit 0 71 79 XU % T {1 s
87 X (1%} 72 80 N7 03 104 15
KU H T 72 ) 57 a5 15 1IN
K3 i i I N N7 H 15 19
S M (13} s =0 pEY 07 s 1Y
o3l H 64 72 M) B w7 105 1"y
40 o il 72 b hAY u7 105 120
40 oo G5 74 s S8 o7 HAY 120
Al hh (15 K] K1 NN 07 n7 120
41 ho [HH 74 82 X8 uwi 107 121
42 ) ar 73 §82 80 u¥ 107 121
42 oa (1 73 N2 w us 107 121
4 an e 74 N2 80 al 107 121
1K) o it 7 82 b ul i 121
K a6 th 74 N o 0 108 123
44 ni n? 'z S 1w 0l 108 124
41 o u7 75 N3 o U Lin) 153
a4 5 (1ry 75 EX] un ORI (0 124
11 08 07 75 N4 1 A 1% 125
11 KNS a7 74 b o 100 110 120
15 0S8 LI 76 83 " 1 110 127
446 hs 0% 76 83 H {1} 1 125
A4 hx BN 76 Kl 0 11 111 132
406 nN oh 76 83 W 101 11 138
a7 AT (il 77 R4 Gl 12 1l 139
47 an (K] 7 L2 "l 2 "2 140
17 H (] i L2 o1 12 112
45 au (2] 77 B 0l 12 112
a5 (Wl n 77 84 we 102 113
14 G m 77 54 N 103 114

For am easter review, +he date hove been
ordeced fom the smallest to the lagest value.

The. frqmency ddstdbudion of s daka setr Vs
shoun tn Figs. 1-3 (next page).



numpepr relative cumu- ctmn-
clunn class Jre- Jrequency lative lative
linairs midpoint quency in pro- Jro- pro-
(CM] [ch portion quency portion
0an & 3 0.0084 3 . 0.0084
1-20 15 1 0.0028 4 00112
2040 25 3 0.0084 7 0.019g
H{LRE (1) i5 1 0,0309 18 00505
40 5 40 T 0.0758 45 0. 12063
50w N 37 0. 1089 ¥4 0.2302
- 65 44 0. 1208 125 03510
70 N0 ) o1 0.1433 170 04043
M) U N3 oN 01629 234 0.64572
G- 0y K0 01011 270 0.758%
o110 111 42 0. 1180 $12 08764
I -120 15 Hrl 0.0758 KN 00521
[ KT 125 14 0. 065 352 0. G856
(KU ETT 145 a 00081 355 0wt
L300 1ho 145 1 028 a56 0. 4398
Totnlx 430 1000

Fiy. 4. The data set from Table 4 (previous page

shoun a5 grouped data. The relative frequency
(in por cewi) vs plotted o Fgs. 2 & 3. Acumulative

frequency plot (s shown i Fug. 5.

45-{ __j—W ] A5
x| : 5
340 &5 140 5¢
£ | ”'F i
F O EER | i3
£ RRERR oF

(L]
| oo TN s R 1O [0 1A (G O T O

) 0
G 10 0 0 €S0 %) 60 70 00 90 100 110 120 130 140 150
Variable X (em)

FQ. 2. The grouped daka sek presented o frquoncy histogram .

% ve fitted
2 r_q\/ ”°'4'L"ﬁf‘ gd’i‘ set

1A
/ \Q

0 10 20 30 40 50 60 70 80 50 10010 120130 140 150
Thickness (em)

Fig. 3. Normak (Gamssian) curve approximaking the Wstogram ;
v'grh‘cal scale somaﬁha;‘ ezlargecl -fzpw'sug‘- p?,«'?rpose. The. data,
set Vs the same as in Table 4 and Figs. 1-2.
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Fig. 4. Frequency histogram (2.) tums into a smooth frequenyy curve(h)

hen the ber of data ¢ large. (n=+2°) amd
:vr:,nma,d'r*\:zfu noirmu.a' 3,y (e (R-reR) the frequency da.sies

4 999
Normal disteibution, A Normat distribution B
curve (eumulated ) o [ curve icumeloted) —~
-~ 30 ‘ 29 TR
: s
i N
2" [asx). R B e
Y
e i ees——— 90
g% N L R
9 ! & 00 7
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by - e :
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| 1|
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Fiy. 5. Cummlakive frequency of grouped date. plotted in arcthmetic (A
ansu-) pmbab&lﬁfy scale (B) or}ofﬁos, qefaudage_ agxl.'s. Normal &
distribukion os 2. straight kne when plotHed frobakility scale (B).
Note that a whole ramge of percentiles cam be read from the cwrve
characterlze the shape of the frequency distribution; the 5o pereontile
Xsgp, ts called “mediam”
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M
+

Normazl curve

central 66%
o

—— - -

-
o

20

30 40

50
Variable X (em)

Fig. 6. The amea undec the {m?umog carve s called Hyp

dustribution density;

ca. 68% of the denstty s Lt Hhe

ramge. of one stamdand deviation (&) armund +the mean (/-t))
amd neacly whole. density (s withwn the ramge of #32 smund “He.

meant . The mean value (/o) defines He Jostriution
or the bell-shaped curve’s central point .

central tendency,

@ Some propecties of normal distribution

« The not-cumulafie frequency cure (s symmetrical amd

bell-s

haped, with the maximum ordinate (frequency peale)

ot i amd woth (nflection points at u~2 and u4a,

o The cumulative
in ardthmelic

frequency curve is sigmoldal (S-sh
pefme sczle, M&s e )

LS & straught lohe when

plotied in the. so-called probakility scale (Fig. 5)

o The frequency distriction ds comp

tie parameters:

deviation (6)

o The mean, +he medbon (90™ porcontile
to Hie cwrve’s W

(x—value comes

lefely descrbed by

the mean. value C/{) amd the standan)

and Yhe made.

i e distribwhion is pedectty symmetncal .
o The arex under the curve (F('g. 6) is dostbuted ar follows

Can’l’fﬁl ngarﬁ" oﬁ the. _I,pfe(uai around the meanm,
50% /LL i 0.6%45 &
68.3% MEé
95, 4% Mt 26
99.%% Mt 26

¢ pod.vf.) are fden‘tl«‘C&l



Dis ‘"W i Jormula . param- point c'//u.s'lf dfl'on
type (density functwn) eters extimators (divgram ngxfmﬁx
Normal n{\Nipe) = --l——x e~ cX=mtrie) » (maan) 4= X A
o\ ir et (varns) 3% = gt
Lo‘mmnnlh L£(Nweeor) Bx Az
1
- e g~ lilve X=ppitraey ")
Xew \/2' < ox? dct B

n(liue,on) ue b =L
1
- —— o L= WRey Y]
oL \/2r J L
vL

where [ = bog X AN TA
o Pt ] A 2
Gamina G(X7,8) = '-\- h e '7[3
rins
"3 1y ¢
mean = IV
veriance = .t feknenen) imis ZI *
Circulnr | C(N;y,10 = Ket e tx=m v § = wector méans
( ”O’M"’\;: ) i X fisin X
von Mises - % fieos Xs D
(N is n constant that gives ” K=
unit aren to the density) Vactor concentration
Paint BN:p) = pX(1 = p)t=X X =01 =
Linemninl S =P P ® LR A E
XA
Potssin P'(NA) = k\"l- A (ﬂm) ‘.- Ay F
Y S Alveriance) =X

Fig. 7. Common dustrihubion dypes (donsity functions, parameters omd
their estimators); example curver are shoun in Fig. 8.

Normal destribution: £(x)= a-e-PX* (qemecakized equation) s & specdal type. of
negakive exponential desibution, with a =4 /425 amd b=1/2; e = 2.71828.

Stomdomd normal distebution: £(z) =a:e7b2% phere z = Xt 7 is a standac
dized var(abie. (non-dimemsional),” amd s distibukion s used as & reference. for
MPM&*‘W We (»\ Some t‘;. (‘ x)z 2 e 5 PR

Legnermal distribution: fix)=a-e” Y s normal..dz;stnbuﬁ-‘:w o variable
X = lnx; the mean X, and varlance S7 are ca{wia.iai for Xp 5 bt they are geoynelric;
to cbtain arithmebic X and $% | the follening tramsformaticns are used:

o R +4 g2 ;2 25, 521
If x_=leg X s used, He wnstant € is teplacad weth 10 in these formulae

Exponentlal (Poisiondam) distribation:  £6) = a-xb, amd tks mean and vanance

m GW'WL. t e b, : "
Gamma. distvbution : £(x) = (x* te "/?/G(a) b% here %20, &0, b>o _,ﬂd-.s

mean and Varlanze afe. obteined as follows: the. ominany anthmehle meatt %, and

gesmetnc mean, Xg, e calaldated ; Hese are tronsformed i z = InX ~lnXg and

2. cortesponddng value 7), is derdved fom special table; velues a ”'l/z- amd

b = X/a are calculaded, Wd ghe mean=a.b and vasiance” = a-b2,

Hupecbolle (powed) distdution: £(x) =a-xb; it implies a frackal vanable and
s discussed lafer in the text(p.14-15).
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‘A. NORMAL.

B. LOGNORMAL

%0 L
% '2- )
60 1 .t
v"_-.i
40 4
o o}_ -2
201 :
. A A
VP W ' $ 3 + ' 2 3 4
1 Z 3 4 £ 5 é P g X 8 X
Examples of nosmal curves with the same meap Esamples of lognoemal denmtics.  (a) Fre-
and differing values of », (Froen Mood and Grayball, quenty curves of lognormal distribation for three valoes
1963.) of u; (8) froquency curves of the Jegmnormal distribution
for three values of o', )
Y% —
45- [ \\ C. GA MMA
%
‘04 f }— 5
re|
') 3
5’ r=2
254 re3
4
0w wtoso"co“r?‘do’o"gmnouououom [+] ! 2 3 4 - 6 7 oy
Normal - . Exasmples of deanity fo
eSS Snar Aemsima VA A Miikaginan; ofri8 w1, (Adepiad frem Mood and Graybih, 1o83)
D: CIBCULAR: NORMAL E. BINOMIAL T
w0 Vpoint” frequencies
" N
[\ %! /
Ke=4
[ 1)
. /;n\
/N < |
/ | 1 |
204 r \ P | l |
0 » 2 34 . LR
1//~\ % (discrete)
/ \ A -2 Example of & binomial deasity.
I
10F K0 ')I} In F. PO' SSON
ARy ORPRRNR / K0 S AN =
/i il \' g
e [ L0
2ol / RS %
L o o NS d{xvc‘fe
""a ./' S 30 - variable
WO 210 240270 300 3W 0 M G0 20 120 150 180 N
o Vo
Circulaz mormal densities in linear scale for 207
veetor concentration K=0,1,2,4%.
40
0 o 1
Example curves of commm,

Fia. &.
ﬁe?/.:.enw dostibution. types Grom
Knambein & Grambill, 4965)-

Polasoa dstribution for A = 1.1,
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Examples of geological population distributions

1. Normnal distributiona
Topographic relief
Firmness of beach sand
Pebble sphericity for fixed particle sizo
I'elible roundness for fixed pebble size
Water levels in well through time
Drainnge density (mnilea of stream per square mile of drainage-basin area)
Specific gravity of rock specimensy from a granite pluton
Packing density of gruins in sandstone
Virious ditnensions (hinge length, ote,) of invertebrate fossils
Angle of slope on beach foreshores t
Angle of slope in valley wallst
Angle of dip of sandstone cross-beds t
Porogity of sandstones (expresced as pereent void apace)
Percentages of abundant minerals in rocks
Pereetituge of frosted geaing in some dune sand
Pereentage of moisture in sediments
Percentnge of some chemienl elemonts or oxides in rocks
Moenn values hased on n obscrvations from norinal or nonnormal densitics
2. Lognormal distributiony
Particle-size distributions (by weight or number frequency) of some sediments
Thickness of sedimentary beds
Longth of fimst-order streams in drainage basing of given order
Permeability of sedimentary roeks (aundstone, limestone)
Concentrations of trace elements in rocks
Lengthis of beaelt segments on some eliffed consts
Arens of river placer deposits
3. CGumma distributions
Thickness of seditnentary beds
Sund-alinle ratio and clastic ratio of some stratigraphic units
Percentingo of raro components in somo rocks (organic matter, truce elements,
moisture, liewvy mincraly)
Particle splicricity over o lurge particle-size range
I'nrticle roundness over a large particle-size range
4. Cireular normnd disteibutions
Orientation of rock joints nnd fractures !
Orientution of purticle nxes in sediments
Diceetion of dip in sendstone cross-beds .
6. Binvminl distributions
Abundant minerals in rocks oxpresscd a8 number of geaing in subsamples of
fixed wizo
Abundant fossils in rocks in subssmples of fixed size
Oceurrenco of erons-beda in sandstono (0 = not present, | = present)
0. Poisson distrilitions
Rare mincrals in rocks expressed as number of graing in enbeamples of fixed
Hize
Number of nlpha particles emitted per unit time from radioactive sediments
Sizen of invertohento fonsila in n “death” poputation

T These iters are normnl spproximntions of circular distributions,

Fg. 9, Natwrak populations amd their common Hypes o
{’mwwog d,wlwbu,hon (from Krumbedn 4. ijb.}u 1965).

Note carefully that the Wst aboue. ss 2 summany of empinkal
obwvd()ons, not z:tes A pw 30;3 an)a.ble_ may hawe.
one ty oﬁm on.,ormw_.jﬁaﬁm pesunnl,er

d) o ons. n{g pbp ahbns uith mrmaz(
dstbution com be 'treafeJ arametnic. methad

populakons s other aUaMWm need %o b'ams&rmai (e g
5 l"f) mak ddstTbuton becomes normal of log X values ame.
'x\:teaA of the vans x values).



® Exceedence frequency plot =
This is & ropid graphical method for the recognction of déstlbution
type and r ddstinctlon betieen Gaussian (nermal), lognermeal,
hypecbolle (powser-laws) amd Polssomian (exyonential) disth’butons.

Exwe&mc& Freo,«mad, EF(X",), og - parﬁ'oular vam X o.ﬁ +he
mezswred varkble (X) (s defined as the number of data (n) with
volues greater tham 'x;, divided by the total number of dafa. (n):

EF(x;) = e (XX

omd Hhis relative fiequency is plotted against X; (see example in Fig. 10).
1

L X EF (XQ o )
4 0.8 0.9 ¥ 08+
2 A7 0.8 3
3 2.0 0.% 0.61
4 2.9 0.6
s 3.4 0.5 " 0.4 4
6 3.7 0.4 ‘3
¥ 4.8 0.2 $ 0.2
2 6.5 0.2 w
9 9' o 0'4 \.\3,.1
40 A5.0 0.0 (o]
Q 5 40 15 20

F9.10. A sample. populakion. of 40 beds with e 7

Lsted fom the 'l'hgmf\’esi' o the tuclest (r;,ble) Ninze oaée fﬂex.{"o (bte';l,c;%’
thdier tham the Hunnest bed (EF = 0.9), eight of 10 sre. Hicker than the
next twnnest (EF=0.8), seven of 10 are than the next (EF=03),etc,

X

Fia. M. Different distibutions have
ditferent shapes in arcthmetic,
semi-log and (og-log Plots. Visuald .
inspeckion thus helps to recogneze. the. ‘00\\
“ﬂdef:“‘j'v'ﬂs form de'strlaution X

thet dhawactenizes peatleular varizble. .

49
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@ Possible caumses of distribution lognormality 14
e at least three ons W ‘
‘l\;h;'}r:b ylzwg :5 :J-Losmfma,,(, anw d};z‘cd. ﬂf‘of::c‘a‘vlw 930L°SIJQIL
(1) the system of measurement units (scale) used;
(2) the variable measured is the cumulaive effect, or sum, of a
lomye but 'E‘t:f“:fe— ramber of other, (ndependent ramdom variables (i)
and X =be well ap(mwi\ noymal dL'SWM(bn o,‘(y Nh'el‘L n-—»o5o;
(3) the variable measured t's egmal to the product of the eflects of
severak romdom vonsbles: X =T[X; or lgX = 5 log X; , for
uhech it follous that kg X s mormally ddstibuted and that X s
lognormally distbuted

® The sigmficance of power-laws destibution (Fractal statystics)

Veriables chawacterzed by hypesholic. (pouer-lar)) dustrobution are
scale-invarlomk, or fractal. [The term derives fom the Latin wond
“fractus; meamng brlcen, amd has been applied by Mamdelbpt (1982)

to cbjects that were too irregular tn shapefform o be descrdbed by
orddnary Euclidean geometrny. Similar scale-indifference mayy chara-
clenlze other, non-geomednical 9600030"1&1- van)abtes.]

The plot of log EF(x) vs. log X (Fiy. 42 is a straght Wne cn

of hypecbelic dgls-lfégu%‘tbm, fm g’ﬁﬁ figd'd démgo‘wbsc'on (D) of -H{i‘\e,'e,we
votahle X (s the Wne’s gradient:

D log (EF; /EFC-M) % log EF; — log EF 44
bog (Xeq /Xi) Log Xiaq — legx;
The notion of dimensionaldty (s abstrack, e +he fractal concept

ifS@lg ’ but com be understood lo” rwﬁ)nﬁ hpu Hhe “size* o" an objed?‘
dhomges as its Unear dimension increases: )
I{ e Wnear dimension of a lne segment s doubled, Yhe segment
length, (one-ddmensionzl charactedhe measue of size) s tncreasead
by two times. I #he Unear dimensions of a rectomgle are doubled,
its area (two-ddmensional chawadten)ste measure of sUze) Us Lncrezsed
by fowr times. TE ¥ lnear dimensions of o box are doubled
T box's wlume (Hiree-dimenstonal chavactodSe meanwe of size)
‘noreases by eight mes. The velatlonship between, démension (D),
Linear scaking (L) and the. resulting inorease in size (S) (s:
£ cale =k al

Hence, f we ups 2 two-ddmensionak object (D=2), cts si
(o) i‘na’eo.@sub'; Yhe square of the scaling (l,.). Igf %)u.;scdn.bz::
tree-ddmensional cbject (D=3), ibs size. (volume) tnoreaes by cube




of Hhe sczldng. The equation cam be rearranged to glve "
an expresston fr the topolegdcal dimension as & funclion of
Hhe. o(rjed"s characke)sM e oka/nge o slze. Wt a chamge cn its
[ueaw scaling: D = logS /log L.

In Eu.o&.dem geomeﬂhy,. D=0 means a Pou'vd.') D=4 means

a Wne; D=2 MRS 2. Su.r'{a.?e (m-dJle’onaL object); D=3
eams a. Hree-dimenslonzl objeck. The ddmension ( D) O’g Lractzl
ths ts not 'mcesrardlt, am dwf‘eg&r; but & fractionad value
(frasgkion2d dimenslon); hence +he tewm “frachal

A vemizhle , X, to be wnsidered fractal, must have a fractal
dumension greatec tham cts topolegical dimension amd be edther
self-simclar (i.e, weth the chamges in uts highes values resemb ing
chamges (n. the small vahw_S) or self-affine (v.e., with the hisher
values needed tv be resczled — by scale compression or expansion —
befere they are self-sinwlar), With reference to Hhe EF plot
(Figs. 410-42), +the self-simclanity of o fractal can be de fihed
by the relaitonshep :
E‘Fb "®G° XL-

whore: EF; = number of datx exceedina the value X( 3

c = pmporwfawg wefflcdent (canstank);

D = fracdtal dimension . :
This relahbashdp ©'s mancfested by the. sfvw)aM'-'wM; p!mL:.

log EF, = lgc — D+ logXL

The self-affincty of a fractal com be defined by Yhe relatinship:

-mD
o el ol el
hee: m = t ahion (rescaling) ceeffded on b
simelacthy of e e ") 2

same geslogiczh varables show fractal propecties, buk the causes
of Hws are still litte wilerstood. The fact is thak most nzbwrad
vomizbles are results of some other controlldng vanables, mutually
independent or partly dependent; the values, or "size?(s), of

a poarbleular vanable may thus be subject to Wnear’scalng’(L)
with a fradal dimension (D>4, grezder than the vaniable’s one-
ddmemsionality ). The noten of self-simul wwlerlies Hhe con of
self-orgamdzed or%’r{ca,hﬁg: a. natwral va;m i 2 marginzl gw“f state,
when perturbed fom. thus state by upscaling , will evolve bade to +he
stzte of maminal stabllity; in this cnltical state Hhae Us no natwal
size scale for the vanbble , so ot fractal stabfbc (D)is spylicable,

D




These vefer tv the distnbution’s parametess 16

spaieroal (AERC Gt i At minelii
s T
NON-PARAMETRIC! ol “maie. no sssamptionabout the. clistribution

Does your sam [ation
eonform to rwm,;‘? i%Wft'onﬂ

Yes (I don‘t know )
¥ ¥
Minimalishc option:| [Best option: bl I‘:g Bofr 1 rm
Male an explicct | [Use nermality tes e axa o, .
ascumpion That | o EF plet foasiess ||| noraliss their
¢ data ae fom | |The data distnbahion]| | ;

a geneval popdahion| ~ T
wevh nermal distrib- Doesﬂuz test/plot 5
L

ution. @ ndecate wormadity *
i~ %) (Re)
You can use parametric You should net use 3
methods (asgir}l as parametric methods.
non-parametric enes). Use non-porametnic methods.
Comments :

(@ You should be aweme that, if you use parametric methed, your
uhole statishical analysis will vely on this assumphion. TE
the assumption appears to be invalid, so may be your amalysts.
Hovever, some parametnlc method leam more heavily on the.
destribution normality then de others, amd +he resubts Un some
case may sttll be valed, especially Cf the cdWstbution’s
deparrtare fom normality is not oo strong s bub this you maw
never knop.
() The data cam be tramsformed in varlous ways: instead of the reb
measwements, X, ue logx, Inx, X< xk 4x x“j (X‘*’a)‘f
log (x+&), e* and other simple functions (it selected le amd &
constamts),
) ¢ the distbudion s non-normak and you ane unable to normalize
&, ty to id&wffﬁ.j the aof'u&l-{ype, et Hhe distributdon by LU
He EF pots. A representathe mean and vanance can be :
for every known dwstibution. type (Fig. 7), and some. furthec anzlupls
cam 2l be done, even (f Limnted. Anypany, most parameinic
metheds have Hielr non-pagmetnc equivalents, amd use these.

Fiy. 43, The amawihc‘ al stratesy for wsing parametne and non-
Pﬁmdn)c statvstal me\‘twde?‘.d P =
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@& Basic parameters and statistics

These are desavptors of distribubion , used fr populations wieth normazh
dstribution and in paramedrje methods.

@ Basic ga.rz.metefs ( gemeral popuhation  chovactenstics)

éf- = vartance of the variable "trur” values
S = stendard deviation of vhe vanable

X

@ Their estimators, or statistics (sample popul. chwad'en'sh'cg

X = sample population mean

SZ = sample populahbn variance catwlaidedu{m:t 2
ovsesvatvon ata X
Sy = 3?’"[’[”- popuizfdoa\’e\:f:;f:f (see formumlae below)
© Caleulation {for non-grouped data.
MEAN % - This vs the anthmetic average value of X
X = = -~ n = number of data (or the
size of e sample. population)
[ .
P -\ ¢ A
5:’ 2 (xr: %) vblased"” estimator (defmtion)
VARJANCE | > =y
o2 Z (X~ %) "unbiased " estimator (used inpractice)
- n-4
L ExE- 4G | R Bt (ER"

L Sx= o e (n -4 -foeraused
STANDARD Ln D for caleulation
DEVIATION s = | S
O Calwlation for @rowpeol data

MEAN k = number ofclasses of X-values

k
X = _'k Z fi xi X, = closs pwdpeint vazlue

L=1 = dass frepency (f in
fi pes comk, then n= 400 %)

K
VAQ'ANCE S?;( = -n—d:—i ZJ ‘C" (X,’ ..)'2)2. "unbc'a.sed'esh'maj'bf
8% = it [Zd - Cax)nlfamini,

STANDARD DEVIATION sy =452
X




® Other useful basic statistics 18

s MEDIAN (Md) = the x-value that divides the data
ppudation tnto o equal parts; ve, which corresponds
to 50% cumulztive frequency. Median cam be derdved
dt‘m‘:i? from. the wmldt‘ve,‘?rewenad plot, as the S0t
vovcentile, or £ind ‘n He following way : the data are
ondeved fom the smadlest to the largest amd +he meddle
valuwe vs talen

Md = X(n+4>/2 u@ n vs an odd number
or Md = 5 Xnp + Xpy 4g)  ¢F o is an even numbee

" MODE (Mo) = +he x-value with the hihest frequency in e
data pcpulah‘oy\,. Meode ts derived fam nen-cumulzbive
frequency cure/histegram, as the X~ vadue.  corresponcding to
e curve's pe&lc— or tha rm'dpoe'n/f‘ value of the thmln
class wite the highest freguency.

o/ |
%1 Tn an ideal, perfectly symmetrical
dstrebution, the arth medic

mean (X ), median (Md) and mn'lﬁ-("@

e equal
I¢ these are net equal, the distribution
s asymmedrical (or shkewed)-

X1

W

§-—N>— — e ———
X

o

The. ddstdbution os ”pos;)i't'velg slopved”
when X > Md > Mo

The disthation s “negatively skewed
when X ¢ Md<Mo

P
X
® COEFFICIENT OF DISTRIBUTION SKEWNESS (s@
L =)
Sk = "’f(xg—x) where: So Vs the cube of standomd
Sx dewvation.

A slightly slewed bell-shaped dustrihohion can sl be regemled

as normal, but a sto lewvied dWstbutio : L the
P )fest. sTonder shewed bukion. will ol

X
=
O
L = = - —
o




= GEOMETRIC MEAN (Xg) 19

o ( e L M =

XG" I[;Xu> = qu'xz' X3 *** Xy, c‘égfx;ﬁ:?k
—_ —'rl‘- i- ln X; practical Lormwalz

Xe= € used for caleulation

* The product be a very large value and exceed the capacty of
calenlator or PC (f tHe data set us l&ﬂ"g?- omd the X~ valyes ewe
high. Therefore, the formula. in frame s used vn practice .

Ng%: AU data must be x; #0. A zewo value wll render X,

tndeferminable . I zew datz values occur, these should be

replaced 1ol 2o veny low nen-zero “dummy” vzlue..

® HARMONIC MEAN (X)

—_ 4 defimchion and prackical

Xy = " VZ XL formula for caleulation
Note: Al datz must be X #0. T zevo data values oceur, these
Should be replaced with o veny low non-zew “dummy” value

X The value of X, s semsitive to low x; values which may
L in o biaed (too high) estimate . Thefore, uncertain ot
data values should preferably be excluded.

o} Eor an tdeak, symmetrical normak
“ Ao stk lon :

% = Xa = Xu e
For positively skewed s tributon:

|

% > Xa > XH AT
= 2 % For negakively shewed distrebastion.:
£ lex‘ ~OH X< Xa< Xu
—EXamp
eabi ity (k s medium s calenlated oo de
Dakterna o £low W) SR e s Herently for differert
[4/ Ky — // ) Ke, k
) 3 < k3 2
t k. < k 7 -
; ;:b“ al::d <~ ‘-ktf:t‘:"l"‘:f-’rﬁ. “M/ ks |/ s | e,
inear flo patollel o zones  Linear flow culor to '
_of k.-lagermg. zonf.s oﬂmx Rmxn’gfouf’bw e:w;é:r,r :.m
Aﬂ“‘mfj‘“ mean is used: Harmonic mean vs used: Gegmetric mean is used:
- = 5 L : " e : » +; - n 4 " .

= STANDARD DEVIATION OF THE MEAN (Sg)

ou i S% whee: 52‘ = VMI:M&
ox "Tvz& nf‘av pamber of data




m COEFFICIENT OF VARIATION (CV) =

= — | The ratio of standand deviation
CV Sx/x amd the erithmetic mean °

CV s useful for com paring the vamiation of populedions with
deflerent variables (dofferent measurement unts) or diffecont
ramge of x-values. (Note that vanables with high values
hane. grezter vardamces, in numericol terms, +han do vanlsbles
cith low values, which renders thedr varlances diffieadt +o
compare- in shsolute terms.)

CV not much greaf?/r than 4 cnddcz}es A N&rrow d,d«sfn)bwl-(bn)
whereas a hwgh CV, tn the vemge of 2 + 5, indicates a long-
tadled , wade déstribution.

Porfect mormal distributions have CV<LO.5, whereas CV>0.5

CI\JJ)C&.“QS mn’t’de/a/b{& 5&6““58) MW\ mw mean 2. non..mrmak
dostribut lon

CV pnvide.s also some Jn&rmafo’on on the popwlaif'c'on’s pattern
of variaAlon:
CV >4 indicakes a population with clustred X-values;
Cyx4  (ndidcates a population with ramdem x-values ;
cv< 4 indicates a populathbn it anticdustered
(vequlonly spaced) x- values.

For comparakive purposes, He CV-value s sometdmes glven
a5 A percwta,ge,: CV% = 400% * Sx/>'2,

Example: Tn the permeability studdes of petroleum resecvolrs,

v

the CV of pemeablbs (= S, /ic) ts used to assess the.
reservolr/s heterogenecty:
0 CVL 05  homegeneous resecwolr
05& Cv< 4 hetermgeneous reservorr
4 <V very hetemgeneous resevole




@ Simple slutions for simple problem s (exa.mple52 21

B EXAMPLE 4: Gmpan'son of isotopic dates

We have "tm radeocacbon dates , 40300 (£120) yrs and 10400 (% 90) yrs,
amd we uish to assess f the difference between them (s siyndficamt or
insigmficamt in statishical teyms. How to do tt7

Calemlate: At = 10300 ~ 10100 = 200.

Calewlate:  S: =\(120% + (30)> = {14400+8100 =y 22500 =150

(S3 is the wombined stomdand deviation of +he mean corresponding to the. two dates,
uith n=i for each, since we are dealdng woih single dates.))

If At s lange‘r {-hdm 5;, te diflecence. (n dates (s signfikant, (I{ Ot Sy,
the. d¥fevence (s msdgm'ﬁ'cwv(’.) Tn our example At =200 vs laryer tham Sg =450,
which inddeates o signdfdeant doffersnce behacen the tweo dates.

Nows, how sigmbicamt (s “sigpdficamt” 7 This itsue can be defned n tems of
the confidence level of e stabeNcal solution.

Ip critesion A'b)SE is used (as above), then we can be momoe than 68.3% sure thet
the is scgwfleent . (Many reseacchers in chronostrohlrphy talee. thes
level of confidence as a reamnable. mintmum Hor compacahive purposes.)

If wdtavon At >2$¥ is used to say “sigmifieamt’ then we ane 95.4% swe thel
the. dﬁf’g‘;‘ﬁ (s E}w‘m;b, styrmificant. (Criterion At >4.96S; would give us
exac % confidence..

If odfedon At >3S is used o s *sigmifleomt) then we are 93.7% sure thok
the doffecence s statdstically signdficant. (Twis practecally meems “absclutely
sure”, becausa probabilily theory precludes 400% confidence )

The calalakion prcedure will be different when we are dealing with sets
of dotes that are to be compared. Let’s say we have the following tue
data. sets:

Set 4 Set2
28080 % 41500 23700 % 1200
27300 4200 30 900 X 1200
26720 X 4500 29280 1 41500
25980 *45c0
Number of doada: n =4 ny=3
Meam : -{,-'1 = 26500 €2.= 29%¢62¢

The respeckive stamdand errors of the. means ove.
52(4) =‘{[@%0)t + (1200)* + (1500) *(4500)1'_]/4 - 1430. 9088 = 1434

S{(,_) e [(12(;0)7- + (1200* + (4500)21 /3 = 4307.663% = 4308 | ”
I this case, Ab = £ — £ = 29626 -26500= 3126 and the combined (‘pocled?)
stomdadd e of the meams Cs:

5¢ =fisonrt+ (1200t elsod e (1599 e (a0t 14509 [ = 1379

The vest of Hhe agessmenk is based on the companion of At with Sg,
25 in the previous case (see above).




B EXAMPLE 2: Samplung zircons for povemance studies =
The U-Pb daking of detrital zicon grains (s commonly used tv detesmine
the povenamce of sediment in sctuations when the ages of hunterdlamd

wgstolline. roeles are Lnoun. (e.9., seddment dercvation fpn tha Scomdinanian
man-lgfn omd e Shetlomd margin in the North Sea. roft Sgsf’em; O".«ﬁom,#e Samdd-
rexemn mongin amd Hhe Grenland margin v the Mesozele Norngalen &&n‘#t)

In such studies, ot (s alvays defloeult to | .
should b takenm from a semdstone sample. o ba"%‘:("e(ﬁ:;ﬁ::/:m zu'cons:‘

of Hhe semdtione’s zicon popalakion. Some researchecs

) . would +, -
grarns, others cladm that 50-25 may ke t}«if‘e Sufficlent, M:k:&&:“‘?’o
argue that soma 30 gradns mag be Enowgh U's many cases. How v male.
am o.Ssessmemt tn Such cases?

Let’s say that we hare collected n= 24 zircon gradns fom & samdstore
sample. Ts tws numbee suffiddent for us v he sure that we have not
missed Some “othec” zircons, derived fom other scimce? T thece awe such
vother” zifeons in the sediment, what fraction (£) of the Yotel ziron
popudation they may censtitute at mest? How (mportamb cem they be ,
relafive to the zircons in our sample populatbn of 71 grains ?

This com be estimade by the following fornuula:

Pom (A= £
where: P = the probabiloty of occurrence of “othec” zireons, not
present (n He sample populedion of N gradns;
5 1{3 = -Hj a&elaﬂw. frequency of such “othec” zireons.
e results of ¢ ablon  for &
shown (n the ddagram baou.ﬁ’ * g fosuss [ootite 01E) e

§S
50J

coafidence level of preclusion (51%)

n=71

tmresmirnmersessmrin TS % cOnfIENER level. v nnnimimiianer s s s b e

90% coafidence level

95% confidence level

3_4 65 6 7 8 9 10 41 12 18 14 15
Fraction of genessh zincon pepulation (£:400%)

We can thus be 95% sure that {f amy “other” zircons are present in the samdsio

they constitute lithe more than “% of the whele zircon populations and #5% ‘Su’:’

that *hey constiiute less than 2% of the whele popudation.
cute thak there is less than 1% of “othec” Stulshon. Bk e Sonle mly GIX

2
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B Confidence intervals for parameter values

This 05 . parametnic apppach, with the um to estimade the
wnfldence. ikervals Hfor the generad population’s paramefers.

) Con,ﬁ‘obwm intervel for the meanm (L'-‘;Z

(52-1_,)</‘L<(§+L.>

weth, (A— o) 400% confidence level

wheve. : l 'ty&'s,-;
t Stand. deveation of the mean.:

T-— Value from TABLE 2 Sg -vﬁi
for 70t omd DF =n-1 n

When n > 60, the calaulation com be simplified ;

L = Z4s 5%
Nkm.’ Z%d - VILLM.& -F(Dm TABLE— 4B -ﬁ)f &OC.

W Confidence. intorvals for +he variance (&%) and stamdanl deviation (&)

= (x-%)> | For vartance

= R ¢ A
(X :) < é& < -
Xy ot =%
wbv (1-£)100% confidence. lovel
where : xz = value.s O@ clu'-scz,uame. -gAnc,‘l‘l.'oV\.l taleen,
fom TABLE & for 5ot amd 4-id;

vespectively . :
Note that s(x_g)t=(u-1)S%, which maybe more conenient

for calculakion when. Sf-value has alreadss boon, obtauned.

Z(x-y'i)" < é < Z[X-—-x‘_) For S‘t‘&"daﬁd d&w’aﬁ'on
it Xi-got
weth, (A-o100% confidence level

Note thak the (niecval Wnuts for & are st sqphane roots o
mecmfe«w Ur;td'svobbﬂned {'f: 22 (see. aionv?)l‘d @
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@ Confidence interval for mean proportion
This 1s a nen-pavametric methad for the estimation of a
wn&«i@gqe- Interval -f;h +the mean Propor{-t)on (redative Momw:’)
w2 bvnomiak pepulation. '
Zlonsdder Hie (egfdng penameter emd Vts estYmator . |
P = unknom true proportion of particular element in
Hhe gemeral population of elements studied; A
P = progortion estimated fom the sample population, ?'—'VL/N,
rbkzgnumber of samples with He particular element;
N = total numbs— of samples collected.
Procedwre.

Use TABLE 5 (graph), chosing ot=0.04 or of=0.05
Enter e graph with P (estimafed prportion) and
read off tnfidence intervaks (CI) via +the appopriate pavr-
of corves Csdgc.{'ed to appoximate Jour N).

The. confidence interval (s

(2- e )< p < (P + er)
L LPos:.‘ﬁ've._ CI-vadug comes here.

The munus sign. meams that the negative CT-value come's hee.
amd the nfevval s onflidoe level s (4 - o)100% .
Example: From a W’é‘fbne,) 100 specdmens of- Launa
have been CO”ecfe,d > 4 o@ whoch ae. edtiméds(N=4°0; n""l")’

The eshimated proportion of echineids (n the fossilised
fauna population s Hius:

P: 4/400 = 0.04 (or 4%)
To fnd 2 95% conPidemece infervel for ctue? P, e

re,a‘wl off He L velues Lom o geph. (TABLE 5) by
ustng  N= 400 curves :

{L oos = = 0.025 (negeNve)

L pos = + 0.035 (posvhive)
The confdevte dukervel e

(o.0ko-p,025)< Tt < (0.040 +0.0635)

0.015 < 1 < 0.035 (at 95% confidence lewel)
The propertion of echinocds (s betweon 4.5 % and 7.5%, with 95% confddence.
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Analysis of univariate populations

@ PARAMETRIC COMPAR|SON OF TWo POPULATIONS

The general scheme for a. test of statistical parametn'e hyypothes(s (s
shownt L Hhe diagram beloly.

Formulzte the null hypsthesis (Ho)‘amA
@) the comesponding alteenative hypothes’s (Hy)
tn terms of & pactieular parameter of the
e general popud ations 4o be compared.

Choose Hhe. appropiiate test for the hypothesis
and caleulate the value of the test-function,
TFCMC

C‘% Read the crifical yalue of vhe test funchion,

TF«&
from stahlsheal TABLE G DF amd an accept-
able signi&cance ¢w{32,

> 4
Compare the calculated amd the ontica] value
of the test funchion

TFcaJc > TF, crit

! Ho has to rejected. Ho cannot be rejected.

Accept Hy with confidence Accept Ho with confidlence,

of (4-X)eo%s. of (1-00)100%
Geoloacezl
Conclﬁ?scon, }_:"
Comments:

@ Forexample:  JHo: My=My (ihich meams null diference”)

Hy: Ha#Hy  (ublch means o slgnifieant differonce, aﬁwuaa)
This luind of “ecther-iay® formulation s called a two-tail hypothes
and s used (n 6*&1'{:&@6%”% T research practice, the ?jjﬁulaﬁ%rf;{
statshles no_fma).l_ﬁ_d indicates as to iwch waxg the gonorl difference seems
b obe (le, X, >X, or X< Xg); this Us the basis of geologlcal hypothesis.
T+ (s more beneficial , theefore, b £rmulate one of H@&ﬁ«w% one-tasl
hugpothesés: { Hot L4 < //:(42_ - { Ho: My 2 M,

Hy: S M He f4<
uhere- By represonts Whe. geological hypothesds amd Ho just states Hrat ¥he
formec is false, or not true. Tn ecther frmudation, ot is aliays Ho
that (s actually tested, amd £ Ho is rejected — the altenative, Hy , it accepted.
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@ Every test function has a specified number of He degrees of &@am(DF)
DF {3 the number of data used (n) minus the number of parameters
speafde to particular probabloty function (TF),

() The so-called signdficamce level, o€, (s the risle of am error of furst
kend (ie., rejection of Ho when ok is true), or the test’s rusle of ermor,
on sknzjl:&wgm;! the TF it is read off for oL in a one-tail test,
but Cs r ot n 2 to-tad test; the " el
L, and e ke, Toel & U-sohas. = Teaspamy i aien o

@ The Snedecor F-test (for difference betieen vaﬂlemaesg

Two-tail hypothess: One-taxl hypothests:
fhu &5+ 2 fwdsel fr 82 e?
. 22 4 2 . 22
Hi &% # &, Hi 6;< 85 H,: 642)&;
The test funchbon Cs:
E - s Laier vartamee (n numefaffor
S Smaller vanance. in desemunator

: 2
omd & has tofold degrees of freedom:
DE, = ny-14 <— comesponddng to 512'
Dy = Ng-4  =— corresponddng 1o Sy
The otlcal valwe , F, for one-tail test oc Fy o for two-tadl

2

test, is talen fom TABLE 3 for (D, VF,) amd acceptahle ot.

IF F>/ FO( (Of F’ﬁo&)) Ho iS mjed-d M'd H,‘ I:S W. OHMQ,
Hy cemnot he rejected.

@ The Student” t-test (for cifference ¢ bereen mewi

Tio-tael hypothesis : One -tail hypothesis:
‘{HD: /“4=/L(Z {Ho: /‘4?/“2_ or HO:/L‘1$/“2
He Mo # Mz He <M He Ma>M
% Cn‘,t&a).vo.lu.e: 4 Cribical m:

t¢>_.o.zs =2.26

\

25%

t0.0S = 4.83

2,5%

(t=-2.26) ' 0 t=2.26 .  t o te1.93 t
The diagrams sh,ou Student’s’ t-distrcbution for DF=9 iy one civtical reglons
(shaded) containing ob=5% of the area under the cune (one-1a,( test ; Lotk
to critical weghons, each contakming Fo = 2.5% o the area. (tuo-tay| f)e:ﬂ

¥ Mathematiclon W.5. Gossel published his 2 5
e Tl B ot o s e e aFe et preurm,Shadont’
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If 3i= é; (H, accepted in F-test), the t-test function is:

. X%l
= 2
VS E 1) | with DF = nytny-2

uhere: s = combined (“pooled “) vartamee
sz (=DST + (n2-1) S}
g % ng +ng -2
g, n, omd Sy, S, are the sizes and variances of the.
two sample populations comparced.
I¢ 22 # 8F (Ho rejected in F-test), the t-test function us:

| X4 = %y |

t = -S;: >

an +"ﬁ;" wth DF = ng tny -2

The entical value (ty for one-tail test or tyy for two-tadl test)
s talen from TABLE 2 for DF amd am acoe.pf'abLe ot -level .

I t > to (or {-14,_0{), Ho ts rejected and Hy (s accepted. Tf4< 4ty
(er t4pt), Ho cemnot be rejected omd s accepted. The confidence lewel
of the test (s (1-2X)100%,

® The Student t-test for the conformechy between population
_mean_and a theoretvcal (a.ssumed! mean

For two-tadl test: For one-tall test:
A L HapLSpt [ 3k
He A Hyo MM He A< AH

where: M- a theorehcal (assumed) mean value.
The test function Us:

R
Sk with. DF = n-4
whe: 5 o
S5g = V_‘?_X_ 's the standand deviation of the mean
v (see p. 19).

The otfleal valme (to or typt) s taken fom TABLE 2 for

DF and an acceptable sigficance level (0L). ot >ty (orf"éor,))
Ho is rejected omd H, is accepted. Tf <t (or tyot), H, cammot
be rejecked amd s acepted. The test’s confidence lerel (s (- 100%.
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® Chi-square test £ the confirmcty behieen pudation

vaavence amd ‘cal (z2ssumed) varian
For two-tzgl +esi;: For one-taul test:
Ho: 67 = 6, Ho: 822> &5 Ho: 82£ 8%
Hy 8%# 8% My 8°< 2t °" 1h, 3t >22
vhere : 22 = Hweorehicak (or assumed) genessl van'amce value.

The test G,Lnd't}on. 's @

Greeke \ o (n SA)S ! ’
(MZC/’;P X = é’z“ wH DF= n -*4

The crobeek velue , XC2 (for one-tail test) or X3, u (wo-tail test)
s fom. TABLE 4  for DF amd acceptable significamee lenel oC.
T¢ X2 X% (or Xapa), Ho is rejected emd Hy (s accepted.

Whorn n> 30 (uhich means a*lowge” sample populaton), +he folloting dest
funchlon can be used : k )

Z = Hzxz - Y2n-3
uhich s bzsed on standardized nermal distwbufion.

T‘he erctical velue is talcen fom TABLE 1B for acceptable
sa.ewjﬁ,'camu_ level of .

T8 Zp Zu(ov Zypy)s Ho ts rejected amd Hy (s accepted. Other-
wise,, Ho camnot be rejected. The test’s confiidence lowel cs (1-o) 1007

® Conlidence intecval for the difference betweert two means

Whest He has beem rejected on +he Sthudent t-test, +he diffvence ceam
b esHmated as :"?d ’

[(R~%2)- L] < (fa-M2) < [(%4-%) + L]
with (1-00)100% confidemce. coe flicient

whee: X, = lamer mean;
g = smaller mean;, .
L = the half-iatervol Voﬁt&, cadenlated as showm beloy.
2 ¢ - .
I¢ 87=3; (Ho mccepie (b T o) , (na=DS5 + (m-DSE
- =t5{e0€\/szc%1+ﬁz) whore 5= ny+ny -2
, Ss—fom TABLE 2 for DF =ni+f2-2
If @i #é; (Ho rejected vn Fffes{'):

. 5% . 8%
L fom TABLE 1B




@ The Tukey test for the difforenmce between tio meams *
This s a simple alternztive to the Student t-test, based
confidemee (nterval. Hypvﬂ\esdc Lemulaton. is i’s ;e\eore: on

Hot Mazte =0 {HO: MaHMe <0 Ha=H.
= 2 >O
{H'f’ S M2 #0 Hy* My-HMa >0 oy {/44 -Ma 20
for "tuo-tail” test (uith Lor rone-tail” test (with t, used
%%d. used as erchical valu@ as erctgead va,{we>
Procedure

Caleulzde He confidence interval -for ~(/(4‘/¢2) as showm on “Yhe
paew’:us page. and conside Hhe signs (plus vs. minus) of its
‘A TS.

'_l[‘," bote Units of He inferval are _po.sf-“d\,e_ , Ho s rejec*ecl,
T2 one Wmit (s posctive amd Hie othec ir negative (Ce., the
‘nfecval dncludes zem), Ho camnot be rejected and (s &ccefi'a:l.
The confidence level of Hus easy test s #he same as Hhat of Hie
con fldence ntecval used, (1-)100%.

) Coné'dzn(,e cnfecval -For te mecp_ betuween two pmpuffl@s
When the sample populations are sufficiently [arge (M and Ny > 100);

P@A-% g.('?' —; ) B AT A% :
[[( A-PZ)- 496/J 4@'14 )+ ""jﬁé&)}<(jr4 .JT2><[(.P1 &)4-4.96{__4% % 2(312 2 ) ]

e condldence Lewel of 95%.
(When one or both of Hhe sample populztions are of medium
s(ze grougb\bj, 25 < n <400), a ciuder estimate (s mase_
by mpac/.'n,g 1,96 (n the formula shove Wi tﬂéoc for
o= 5% or 10% (whih will meam confidence. lewel of

a59% or 90%, mspec.hvd/:O.

hon one or both of the sample aktons are small (n<25)
b’.wl aixb 3» amy other caSe.,P #zepop-(b’;i(lom'ng estmatlon can be :
psed: ' ; —
[ ) - { Vi< (3~ T2) < [E:-P) +{ g + Lt ]
T confidence lwel of (1-d)4007%
amd Hhe vakue s og La) amd L(g_) for the. tww fofw‘aﬂbns read 0((
fom TABLE 5 (diagram) for o=0.05,
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B NORMALITY TESTS

® The Cramor-von Mises test for distrtbution _rermality
This test Us for non-grouped dafa, and the hypotheser are :

Ho: The sampled population conforms to normal ddstbuhbn

Hy: The w’#ed p»pv.ld'don does mot conform o normal distrib.
This (s a two-tail test. The values of X and S, are caleulated (n advamce .

o / tzb
'Imle%l re&nﬁl“"t %ﬁgvm& Cafcaau‘vry é
| x seog s BoX | _ szl 2822 fy  2i-4 2:-1\2
L Xe | X=X Z, = Sx Po-P(Zc.) on P"——;—r‘t @C— "":2-"\"
1
2
3
" |
2 X ] T @ - E1)2
- = stamdanddzed The comesponedd lative
Zi fmria)o(e, -Fwognwgf s{';gdzdmwmu distrob.:
P; =P(x"';:):P(Z,;)
uNJ\arﬁmI;‘-lvdues
der! ‘ad 2w
Ze-{v‘:ﬁwrr m TABLE 1A
b.‘
The test functibn (s : N

& 9-{\2 1
g Lot = [ Z @75 4 331](4 * ‘z?i)

and its ordtical valwe is taken, for £, fom TABLE 6.

If W' Wi, , Ho Us rejected and Hy is accepled (the
popu.lax‘don’s ddstilbubon. (s pot mfma,L).

3 w”<w;‘,0c, Ha 48 acca.piul (#te Popu.ldwbn’s dishr butont
The test’s confidence Llevel Us' (4-)100%. v n,ormM)_
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@ The Pearson chi-square test for distwbution normality

Ho & The sampled ppulation conforms to normgl distribution
Ha: The samplal ppulation. does rot conform to normal distrib.
This test is am equivalent of the previous one, hut {or grouped date

The number frequency of each class Shoubi be grezter than 5 (n;> S).
This o5 2 two-tail fest. (For calculation of X and Sy from gruged daka,
see. p. 47, bottom).

[m number of classes ¢s k

Clase number {chcencies Coalew lartory tablo
I. Class upper. Limits

= T
Classes [ n; | x¢ [zi=2Z| B, [pc | npPe (nc-npe)* g%u
I [Zn'-lz | ‘ \ l . (ne-np)*
| t 1 2=
From TABLE 1A
for each standanlized volue- Z; /
(using eﬁmr:t&#(‘on, of necded) /
7 A o e R >
Non'wwtwm fretweha'es- /
“d lated" fom Py eolu .
e )5 » o
e ra
2 _ (ne - n’PO
it Z4 e with DF= k-3

where : e = number of classes.
The critical value is taken fom TABLE 4 (for DF and
amd om. acceptable sigmficamce lewel oL).
If x'_ > x;oc, Ho s mSeMM Hq accepted.
¥ Xt < X, Ho canmet bo rejected (the

wlzdion’s dJ Hibuht ‘e normal ).
The test’s wn@mw CSPO?41§C]‘)L'I‘(J)O1‘;2 s on. Ls norm



B NON-PARAMETRIC COMPARISON OF TWO POPULATIONS 2

The follouing tests are (ndependent of Hhe variable’s type.
of distibution amd cam be used for popudadlons with

normazk , non-normad or unlnwerm distrébutions.

® Runs test for the difference betueen. two populations

Hp: The two populzations are the same Chave +he same dustlbution

Hy: The two populztions are difbecont (have. cldﬁfe%{‘dt'sfw'hxh'ons)'_
s stedlstical hy ds will be m{’ormylaiecl below 1o render +he
test "one-tail’, test procedure (s as follows:
Tale the dota fom §X 43 amd X, joratly and ondes Hhem
from the smallest to the laxgesi“ valwe. , but mark a2dse to whilch
Popw‘aﬁo"' (4 or 2) does pafﬁ'oulaar value. belong. Count Hie
numbe—~ of tuns (a. “run” (s an um’nfefruf‘fed occurrence. of data

Lront the same popwlayh‘.n). Fore.xmpb;) n,=8 amd N2=9 e

g smallest value largest vdue;

Xy Xy Xo Xy Xy X4 Xy X, Xy Xz Xp _)i,_ X, Xy X4 X2 Xo
y ) z Z 5 ¢ 7 g
calulbe: Nabor o8 runs (4s) 4

Wo = the obsecved rumbec of runs;
Ue = the expected mean numlber of
data fone two_popudabions:

= _ 4 + 2na Ny |
Ue = VALY
S- = the expected standowd devizflon of e meam:

a TRy |

-——— e ——

runs th & vandem sexves of

2"4"2(2"1”2’"1“"17'
w = (n1+n2_>2‘ (n., 'l'nz”()
The hypethesis con be frnuclated for one- tarl fggt a5 follows :
Ho: UosUe Uo 2Ve
(*&H"{-:‘ Us > Ue Uo <Ug
tes nction (S
e 5 Iuo"ael‘*"ﬁ’flfiﬁ?:%fé’e
uth e ondbleal vqlue,_ Zo tobe rea.A off &md:ﬁﬁfl—éE 4%&_‘(}‘
P Z2Zx; Ho s mjea;cdh;ﬁgma&%mc;pﬁizﬂz‘& I-i’ 2<Z¢;

ziMCSM‘S"‘g’r be rejected, which means lacl ' of significemt dufference
Example: Turbldite sendstone Hyclenesses (em) dn two outcrops.
§X,% 28, 30, 24, 42, 33, 24, 3, 29, 35, 45
E;;:z 2%, 26, 34, 39, 25, 26, 2%, 38, 43
2

Ny =




® The Mann- Wl\i.f?na:_j test (vamle sum U—te.sfz 3

Arn altecnative test sumilar to the previcus one, with dhe same
hpo thesis : Ho: The tio ppulations ace the same.

Hyt The 'fMlPOFWla*LbnS ane. di€lerent
For ths test, te sample populations §X,7 and {Xzz must be lamer
than 43 (ie., Ny and Ny >43)F I either of them is < 20, o= 0.04
has to be used, but when ot are. >20, oL=0.05 vs sufficlent .
The deta fom IX,§ omd X3¢ are talen jointly and ordered fom +he
smallest to the larest value . Numbers, or ramles R(x)), are given
to He succesave data X; (#hatis, R=4, 2, 3,... efe.).
The-ramles corsponding to date from b(,,? are totelled as Ty=> Rix,:)
and the ramls corresponding to (X, § are totalled as T, =2 R(0).
The followlng two values are then calculzted:

w, = nny + ny(ng+4)/2 =T, T avoid, ceimf?m,

u2_= n,.(nz + Mz(nz+4)/2 "T2_ u, + Uy =nny
and He smallec U is talen for further considecshlon. .
The mean Ug expected for a romdom data serles amd Hhe correspoiding
standand devcation of the mean Sy are caleulzted :

- ) v
Ue = —"-42-2- Fsa =\nny (g 40y + /12

The hypothesis can then be frmulated in one-tail version:
Ho: U< Ue s U2Ue

and +the test &nd‘c‘ow (s c,zicu/?f&:!

—11 =+lnsailerva1uﬂ.
Z:—Li——u-g—- & o\e'g.‘a«duz_
Sd

wik the erdfical velue  talen fom TABLE AB for swtadeof. IL

Z > Za , Ho ts rejected wih confidence (4—@){0070', TP Z<Zet »

Ho cannet be rejected.

¥ T¢ ny andfor ny <13, the W-veluwe (smallerone) is used

directly as the fest funehion’s valwe amd the ordflead value W

o such case s telen fom TABLE 7 for of=0.05 or 0.041.

The condlndence level of +hetest is (-L)ico%. When U< Ue, the Ho
\ s rejected -

Fsbog O % o5 denaita (oen betons He

Z = funchion~__ 95% denst cwrve)

o eribical gion (frol=0.05)

Z
- '. 0 4.‘ a,u,s in s r. M
W S S Aoy Hﬂn&'ﬁ be

L]




® The Kolmogorov- Smd'rnov test (D-test)

Ho: The two populations are the same (have simillax, |,
{H ,: The tiwo populations are different. di'strcbution).

This (s & non-parametvc test for grouped (fiequency) data . The
(Hy) cam be formulated as for one-tail fest if all D-g ' iy
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thesis

alugs are positive, or
a2l are negah've, .

Caéculalory 12ble. :
Classes . l:op:ah'on 4 Populakion 2. D
(‘ndenvals) | Number | Cumul. | Gamal.| Numbee| Cumed . ;
) [$<y | oy, 01',“1 freq. m.“&“‘ .
- : — bohveen ile\e
s * s ] wmda‘.’z\n—
Ry * * values
S % ¥ h (i:::se r&wkc: with
I, R viskes in the
mes: T T— i4_0-2 +——% 4°o;j — *&Lﬁ)
The cwritical value of Dyis caleulabed 24 below:
'Vr\ no |where doz U5 X=0.05 | oL=0.01
Doc = clo(_ n‘: :z?- a censtant do 136 463 For trio-tail test |
Ic_ TN O P ID|> D Yo 122 = | dg‘ For one-tacl test |
; . oL, Mhen Ho (s rejye the pepud 2ddons e
JA((WVQ; othesivise, He canpet be N:jez.fed- (e e ’
are test

® Gwhngenwy tables with che-s
This is & test for qualitative vandzble . The hygpothescs vs the seme
o* s .
te: The o opalaiins, &% YS@20S
B8 hew the vanizlle studled © & binary_(hwo-state) variable , the data

table ts 2x2: States of the varible
Population 4. 2 c (a+<)
Popuhoion 2 | b d (b+d)
(a+b) (e+d) Flom: g bt ied
The e st -ﬁ,md’l‘cr\ vs?

b= (ad —bec)'n |
@) (c+d) (bid)(a+e)
withy DF = (k=AY (w-4) = hove K = numbec of takle columns
Thes cs a.z{:mc—gaj(,)ést? to® and w L imber of takle rows.
I+ X7 Xgg (value FOmTABLE &), Ho s rejecked it

. i 00% .
Note: Uhen 2,b,c ord £ 5 He fgucm’ng {o&f:ﬁigrh‘fm(ge uﬁoécd)

¢ (lad=be] -"%)2n hi-square test wth
xY T (a+b)(c+d)(btd) (@ +c) ¢ t(a*es’s coﬂeg ton
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 iher e el SRS B 2 multitade
@ (2 (3 e °-€- M s (kY Row sums:
Populef('on,'f 24| 22| a3 e ap.| = ny
Population 2| b4 | b2 | b3 .5 bi| =n,
Column sums: Ry N(z) N¢3) g M) N

The dest function ts:
2_NZ"af;, +NZk bZ AR
ik n'l C=4 na) nl =4 n’(l.)
with DF= k-1
The orcliczd value s teleen from TABLE 4. This (s & two-tall test
When :C.’-;. x;d, Ho s 'eied‘eﬁ‘ with confidence (4—0()100%.
O{-hemise, e camnot be 'fjéded.

B SIMULTANEOUS CoMPARISON OF SEVERAL UNIVARIATE
POPULATIONS

@ The Bartlett chi-square test (paremetrie test for homogenecty

of variemces)

2
Ho: 8(=8; = 8% = ...= 2}

> . i oy -
Hyr At (eﬁ o‘:)m{s \:ha é?;mé?- es signefleemtly differont

The followdng caleulzhions ame done (table belows). The test is two-tail.
o) x| ZxE | DF | 4/oF| s? | log ST [n-9lesSE [(ni-1)s”
ne 2] ny ’

4 (Jz‘xa,‘) éx:; ng-1 |1/n-14) 5:' Log S:- (n‘-ologS:' (&11-4) Sf'
2| o 2
2 | x| 2 x| ma-d [1/a-n| 3| legS% |Gp-Dlea Sz |(h2- D5

51 B s P -
3 [ &) z"i ng=14 |4/Gis-1)| s3 | logs3 (n3-1)kea 53 [(s )53

=t J=t 3
§|_¢ 2 E‘k 2 . . . . : 5 o 2
5 <,-.4x"5) 4; Xkj | ne=4 [Wfou-)| SE| log Sk [(ng-1)leg S @,;4) Sy
Sums: | S(Zx¥ 55 x2 | S-S wr ¥ tni-ies A i) 52
Common. (pocled) variance : t 2 . maxt =(Ex)* Iﬁm‘g:j
&% e Z(HI-QS? —)--- %L ni(ni=1) vadanca
= ni-1) 2.3028 5 =

2, ' g <2
B=(log $2) S(ni-) “—p X% 2 tn10 [B - 2 (u-dlogst]
Corre ction factor: - 4 I - £ 4 . 4
Corrected test function : # L [%( 0] é no=1 E‘ ‘(n,;— )]

x2 = 4 x2 |Thecriical value for DF=k-1 and % is taken fom TABLE &,
¢ j Ig x? ?'x'fbc,’ Ho (s rejected u'ﬂk confidence. (- )100%,
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® The Tukey-Cramer test (pawametric fes{-&rhonwg&neﬁi
meams

This test (s applied when variances appear to be hemegeneous
(Cey when H, is accepted in Bartlett's test). Tts a tuo-tail test.

Hot Mg =My = py = ... =y, ‘
Hq: At least ope of +he meams vs signficantly

dofferent fom the others (pti # ).

fd/&u/afory Lable. -
S Ry e ‘
Pﬁp%) e | 2 Xi (Z X;\,’)’/ni Test funchion
r = <
T | 2 (3 xg) e "
2 ny §ij ( xzj)z/nz, £ 52 p
3 n X3¢ Mat 2 n W e
; g " ’ ( 33)/ i m‘miba=m-4
. . . . DF . N"M
- - Ame M » 2
m | A |2 X |(Zxm) 7
L o :
: o * Critezd velue
sums: | N[> 25| Z[(Z x)hi] 53:( from TABLE 3

| EERA o

o
(= > ch)?/N \\\’.
Variatlon bebween popilations : v

Sum of squares:  SSg zf[(ﬁqu)%,ﬂ - (ff Xéj)z/N
Meam sa,:wm (vawtance): 55 = SSg /(n-4)
Varlgtion wthin popul aflons - i n o N
Sum of squarves: SS, =(ZZ><;,‘)2 = Z[(ZX‘J)%J
Mean. squave (vomlamee): | SZ = 5SS, /(N-m)

I¢ F2Fyu, Ho Us mlected and H, s accepted.
I8 F< Fige, Ho camnot be rejected. The festss confilonce
level. s (4-a)e0%.

When Ho has been rejected ) the Tukey test (see p. 29) cam be used
further, for eadn pair of ppulokions, to identify those whese

means doblec from the others.
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® One-wayy ANOVA
ANOVA (ANalysis Of VAriance) is & parametnic method. In Hus
simpliest ("one-way”) version, ANOVA resembles the Tuley-Cramer
test and mawy sere as its alternative for testing the homogenedty

of popudakion meams — with tno-tasl hypothesis:
{ Hot fa=pMy =fdy = ... =pp,

Hy: At least one meam s sigmifantly diffecent from
He others (/‘{‘, ALY

Howewer, ANOVA focuses on the seurces of vawlamce amd their
elative c.on/l:mbu,hon to the owvall varaktien of yanszble X,

e -y ANCVA Lable :

il AR
- SIS “#—
Vart zkvon beteen s5 —
pepdations B _ s%
Viawlzhton wiHWA = 52
fwlauh'ons 55W N-m itk
Fy = m-4
Total vaation |  S5r | N-1 | 1385 Rm
m-Hm Nyg=Ng T A = 0. ENpy =N N = total numnber of data..
The. sums nf squaves are calenlated as follorss : -
85 *Z[(ZX) ] L.f_l — variance st.;_n-%
7 ™ o 5
55, .-,ZZx?- —Z[(_Z_"_).J — > variance. S5= o2
2
Note : SCJ = SSB 4 st

The enitical M Foo is taken fom TABLE 3. Tf F2Fye
Ho 05 relected ot otMoo % condidonce ; othecwise He can'the rojected.

Note; ANOVA veguires thak the sample populations are of equal,
size (ny=Ng=N,= .—n) If the pop wldfm Nes ane “”m:
the prblem com be, solved wn one of- M{%Uﬁm‘ng Was:

? m”"“’“‘w’\ Wi values can be apprpristely reduced by replaci
() Sorme. Pg,uwor da:f;a, (d.ose.:{-) N,%if"&? Wﬁtﬁ_, = @pl h4

(2) An “avecage” scze () cam be used, calewdzfed by the-
Lollowng tecommended -ﬁrm,ula
Zn
= G- 5 ) "o
or simply as an andthimetle meant: VT,=Z£L'




EXAMILE T el Dol Dxal fedd
X4 X, X3 X4 X5 e
n=6 Nyx 6 N3=6 Ng=6 Ns=6 m-go
49.2 1%.7 12.5 20.3  4%.9
18.7 A4.3 14,3 225 243
2.3 20.2 2.7 126 126
16.5 416 M.4 13.4 20,2
133 45.% 9.5 159  48.4
22.4  46.4  46.5  43.0 49.4
n ;| mn
nzf* %5.)@
(&x)°= PON
ZR= > 5%t
Qi ) Sx)?
 Pgion TR
55g = S% = o
SSw o= Sﬁ = F =..;B. &
S5t = S’f = “n

® Lw-piay ANOVA

roa_da Hee relative cnfluence og +10 fackers on the

In Huws app
vamletton of x (s considered simultaneously. The daAz. ble s
Factor 2 ———— =
l A 2 3 Kk N o= k
4] X o S
< H Xo Xp X 4k X 4% X = gromd mean
% 2 Xu X9 X213 sz ;ZZ*
B X34 X2 X3z ccr Xak | Haa
g | & s : Ty row meams
m| Xmd Xpo Xm3 Xmk | Xmx ’/
;(.*4 52*2, sz*?, )’z*k “— column means

omd the tro-tail hjpothesis s as follows

Hot  flan = Moy =y =,
(Le, the means of all

}bf’u.l

v are eqial

e omx = My = oo M ™ T e
Yo po{u(d-ions and coluummn-

He Not all oﬁ.%gwﬂl meamsmeg/ﬂai



Tro-tany ANOVA fable .
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S e el | oF | Fotest
Vaxizt ton hefre L (DF,=m-4
e i | s, A | Fy= 2% » W5 i)
VM;&tdON S5 * o JDE, = k-1
clamns (factor 2) 552 k-4 | F=—2 w“\‘{;;;{:(m-‘gxu-f)
Rescdual )
within w&:«mﬁww 552' (mAXk"O Criteal value
t F ol
m = - s *
55 = k%(xd*-—x)z 5% ='r$n—44 jl g}jé
S5y = M 3 (Ryy = R)* Sy = 2k 8%
o 0 YA 2 _ S5t m,g
SOt = Zx"l ﬁl‘(ZX‘J) S'l' - N-45 '3
Sog .

S5g = S5¢ =SS, ~ 55,
EXAMPLE

2.
Se. = fm-A)(k-1)

Factor 2 ———y

1 2 3
L4530 23 | %%
,s 2| 20 40 18 | Xop=26
& 3 30 40 20 | X3pe30
b4l 25 50 2% | Reyes4
Xp4=25  X,=40 X322 2?;‘229
551 = 512 =
S5, = 5t = Fy =
SST = 5.2‘; - FZ. =
551'-' S:. c
® Three-way ANOVA

In Yus approach, +he relative influence of three factors
on the vwr:.'a,h‘or? of x (s considered semmltomeously. The
data. ate orgamized into 458 2M_ gl 3M_ppler growps,

7

each order corresponding to one factor.

The stucture. of data table Us shon., in o generelized
o e next page. Note that dhe table. consists of rops

cwlumns, as be :
3 levels of mef;a

form,
ond
only the datz are censidered to represent;
a2k groups.



40

The sample population is organized into hierarchical groups.
Three levels of data grouping are used in 3-way ANOVA.

1st-order groups

2nd-order groups

* % % u--*
*** anei
1 *** ""*

-* LR}

4%

8 PUPPY IS VPR

o | b oo

** e ****co.
*

8

%}

TN A O N e Y Woro -~

"aw
e
TREE]
.
"
o
(]
(€]
aes
-
-
TREY
-

*ll. *
e b
o-

eloe

d data in each of the 3rd-order groups

N - total numbcr of data

a - number of 1"-order groups

b - number of 2"-order groups

¢ - number of 3"-order groups

d — number of data in each 3rd-order group
N=abcd

The questions addressed by ANOVA are:
e Dothel” -ord‘.r groups differ more among themselves than do the 2™-order groups?
e Do the 2™-order groups differ more among themselves than do the 3"-order groups?
e s the population sampled * homobuu.om at any of the levels?
* s the variation between the 1"-order groups greater than the variation between the 2™-order groups?
e s the variation bu,l\\u.n the 2™-order groups greater than the variation between the 3™-order g groups
(1.c.. within the 2™-order g groups)?
The F-tests used are comparing the groups at any particular hicrarchical level without regard to their relative
variability in respect to the other levels.




Three -wasy ANOVA table : “

Sowce of vanbmee [SAM of DF %ewmm F -test

SQUaIreES VOXLAMNCRD
e i | 54 [weart|sEa 32 |r-SE T
V%ﬁzm Sp  Pr=alb-1) Sy = ;ff F‘,,----Ségz= BIC £y
Vamlation belieen, g D= 2 SSz ; 3 px:
3"”"onfe¢ grups 53 Lab(e-4)| S3= s |Tae g%‘ “‘”“{ppi
ng f‘f‘,&"é ;’,’;,":;’;" 554 =a¥?’d=- A) S = % Crekeal value.
Total vendation S+ |DE.=N-1| 8Z= -%—?—; {szer&e 2

The. mms&oé Squaes (ss%m caheulated as Lollowss:
$5, = ZB(Z xi)* _ (Zx) Cx)*_ (%)
¢ N -

‘esd o b-c-d
C
d

22&rd 2 o2bic e b e 2bsrd vz
o, - L2500 236 o shsgy 880

S5 =i§b§§ (xd)*— <ZNX';) ]
numbec of 45 ndes groups

bec nd_
m"’:w Df—gzd, onler groups

olec goups
mmber of date I each 2M-order
(k. 3rd-g dec 9rf~ufs sbwul::g be 22 %ﬁﬁ“ﬁaze, d= const:)
N = tfal mumber of- data. (a-b-c- ).
SST = SS4+ SSp + 5S4 +5S,

® The Kruskal—Wallis test (vank sum H-test
This s a non-parametric. amd tin-taul fest for hypotharis:
Ho: The populavh)ons hare the same ddstrchution Cmm’l-df{:’-’e@uf).

Hy: At least one popudztion has & distiluchion. diblerent fom othecs,
The. test procedure s He same as tn the Manp-lhe
st oy zaom."g th amn-Whitney test (p. 33)
12

%

%)

|
Ms
oMo

wheve :

nuh gy

SRS

'('?.Si’ ébﬂdl.‘)n, l:g Wea (m = mmbr O‘F PPWIML‘O“SD .

M 2
H = m nbg - 3(N+'D uth DF = m-4

Tis wllical value Vs talien fom TABLE 2 as Xy, .-
I-F H } .)C%OL ) Ho (s "8560‘34 il oonﬁ‘deum, (4~a€>400%.
Test guurement : N S 50, or at least each ni =5,




@@ Analysis of vectorial populations 42

@ THE CONSTRUCTION OF ROSE DIAGRAM (CIRCULAR Hﬁmﬁ@“}

The circular histogram, more often referred to
as rose diagram by geologists (Potter and Petti-
john, 1963), is the most commonly used graphical
means of presenting the frequency distribution of
two-dimensional orientation (vectorial) data. A
large number of scdimentary rock attributes, par-
ticularly the directional sedimentary features used
as palacocurrent indicators, are measured in terms
of their azimuths and subsequently analysed
graphically with the use of a rose diagram (Potter
and Pettijohn, 1963). Such a plot is relatively easy
to construct and gives a good visual impression of
the data density vanations,

11 1s useful to plot the two-dimensional vectonal data

in 4 rose-diagram form before an estimation of
statistical parameters (such as a vector mean, its
magnitude, cireular vanance, ete.) is attempted.
Morcover, rose diagrams are often used by re-
searchers as the only means of summarising their
data sets, especially when the frequency distribu-
tton appears o be non-unimodal and stausues
ot readily be caleulated. In other words,

It 15, therefore, rather surprising and quite un-
fortunate that the vast majonty of the rose di-
aprams that appear in the sedimentological litera-
ture, and also in many textbooks, are incorrect.
Sunply, the way in which such diagrams are con-
structed by most geologists is, from a method-
ological point of view, wrong. This paper is in-
tended to make the geologists aware of the error
and (o prevent its continuation in the literature,

It s the prinaiple of histogram construction
that the area of each column, or circular sector, of
the diagram should be made proportional to the
class frequency (density). Instead, the circular
histogram is often thoughtlessly constructed with
the radius of the sector proportional to the class
frequency. This common mistake apparently de-
rives from a misunderstanding of the nature of a
histogram, with a falsely drawn analogy between a
simple, columnar histogram and a circular histo-
gram (sec Fig. 1 and enclosed comment). The
columnar histograms usually have lincar horizon-
tal scales (constant class widths), so that the heights
of the columns are made lincarly proportional to
the class frequencies; for example, a column of
20% frequency is made twice as high as the col-
umn of 10% (Fig. 1A). This makes the “arcal”
aspect of the histogram less apparent, and leads to
a serious error once the same lincar approach is

mechanically used to construct a circular histo-
gram.

Azlmuin classes
00" wrarenn)

Freauency
linsar scale

| f'cq-ancy -
Hoh-Baaar scale
Fig. 1. Simple columnar histogram (A) and its circular equiv-
leat (B). The diagrams, and their equivalent columas (A) and
sectors (B), have the samc arcas. Note that the frequency scale
becomes pon-linear when histiogram A s squeezed into a
circular form B,

Comment: In the columnar histogram (A), the horizoatal scale
i divided into dasses and the class widths remain constant for
the catire height of the columns. The area of the column s
proport:onal to the number of data in that class and represents
the class frequency (density), note carefully that it is the areq,
nat the height, of the columa, The vertical (frequency) scale
here is linear because the horizontal scale is linear and invaris-
ble. In the circular histogram (1), the classes are the same as in
(A), but their linear scale (actual width) vanes aloag the

diagram radius; in such case, the {requency scale can no longer
be lineas

Few geologists seem to he aware that the use of
a dinear (arithmetic) frequency scale in circular
histograms leads 1o gross distortions of the di-
agram’s shape (false relative densitics are pro-
duced), This is illustrated by the example shown
in Fig. 2. When the diagram in Fig. 2B is consid-
ered, the eye is likely to be unduly impressed by
the dominating size of the modal sector, com-
pletely out of proportion to its true significance.
The degree of preferred orientation is greatly ex-
aggerated by this kind of plot (Fig. 2B), and the
geologist is then casily misled by the shape of the
rose.

ray

neka asdd

SAMPLE STATISTICS
tee: Qo8
.::::o: :opnu- (eagih); Be027 (27%)
v sirength 4+ 0,000 g
l:!‘:::nm'n Cuoviar siandard geviation a=81°

AAYLEIGHS TEST
e oo ovaiasd ofaaionsA i 1% igsticance
Rof-eiree) bevel 8 novibarly trand can ba nfamed a1 19%
or higher lavel, but is st Soubtiel al A% Mwl (s foeh, 0
Fig 2. Azimaths of ripple foresets from an early Cretaccous
bay-fill sequence (Helvetialjcllet Formation, Svalbard) plotted
in a rose diagram; the number of data is » = 44, In diagram A,
2 correct frequency scale is used and the rose shows little
preferred orientation; no peeferred oricntation at a = 001
sgnafi level is revealed by statistical test. la dsageam B, a
hinear (incoerect) frequency scale is used and the rose shows an
apparent “strongly preferred” onentation (false shape)
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@ ANALYSIS OF TWD-DIMENSIONAL (AZIMUTHAL) POPOLATION

When dealing wth directional data, the first (ssue 5 to assess
dolg ) whether the gemeral population sampled has a preferential
trend or s chaotic (cralarly unform).

B The Kuiper test of uniformity (non-parametric)
Ho: The sample population (s derived from a genersl afion with
gm'fgrnf (n?r?f;m&femhi) azimuth d‘sh‘%n.
Hy: The sample gopudation ¢'s from a generad popu lation b
non-uniformpt ( Fm{e(en}(‘w() azmuthal dostedbution .
The test function ('s:

- ‘ : y)
Vo = max (uj—g5) = min(ui=5) + 7

[ C—

large?rposi tive lan‘a:.sf neaai"c‘ve
deyiadil 3 , .
eviaiion (ohish e oves with 815 HOS S,
o . and thus i's added tv the positive dev)
The two deviations cam be ecther cedeudated (see table beloﬂ) or
found graphitelly (see graph below)). The data. in ecther case must
be. “modulo 360°7 ((e, lineation measurements need 4 be all
mulhpued by 2).

Calewlatony table-

e ] B A Zn’l— Find the largest posctive and
4 = /n s

AMEAr he. Lanyest poggheve valwe in
2| X2 | Uy | 2/n | up-2h tus last colum.

3| % Us | 3/ [uy-3h
Tetal . : '
ogcﬁ% Xn|[Un| 1 |up=1
I tu;= X /360°
Data aremged fom the smallest o Hhe lamgest va.&w(degv.es)

0 8 g Rl B
EpAe tradghk line represents
?34%5 T Tt ety istmlastion.
3 .
£ §€ / e Ptnb From the graph, read off-
3 HE ~ Sl lawrgest negative deviation and
Suny 2 S
S 5 -? | the largest posctive devation
gER Ly
£ EE: PLE: n=36
£33 ?E EJ:;L:& poschive deviedion = + 0.06%
3'3 n o largest negative dewation = = 0.164
R AN

' : : = ~(~0464) + £-1=0.259
s Vi =[+0.062 ~ (046 + 571
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The test’s cabical value (s czlelated as follorys:

[V = V*/CIR + 0155 + 0.94/i)|
where: V¥ = 4,35 Ly ol=0.05
V¥= 200 fr L=0.01
T Va2V, Ho cambe rejected wh (4-0)100% confidence , which
will meaw +hat He aton has a non-undferm (preferential ) dJstn'~
hottor and s sw‘l-azgfl for furdhes sfqh'agiii gM&%&B' D

B The Watson test of un;frmig (npn—gargefﬂ'c!

This -{esﬁ;esf mhg *Zzhnee(’) b\{i‘mm lzlooun'ous, and can serve

as an n Kt t.

The dafa have +o be arramged m 360°% as befre, amd +he_

hypotheses Hy amd H, are Vhe same ac in e Kuiper test.

The test qeund‘lbn, (u?) is caledated as {’olwws.

Calew ladory table 2
C| X2 |wemggn | @ | it

4
2
3 | (data)

Ln |

lal "

l .
> U Suf |>w) |
E "'ﬁua ¥ 2
Meam : Lo S o Fartead calculatios,
n n - = -
iy =2 U~ S ) + 0 + G- (D% 3
whare: X%, Uy and n are asindhe Ko test (ser takle on p45)
The. test function is:

2_[;,2 - 6.8
w?=ug + i~ w0 [1+ SET
il S creAl valote U:'L ts: u:.-os = 0.18% for oL=0.05

wior - 0,06 o o001

TP uzul , Ho i rjedted e (A-o)jooy condidenice, which means
2 won-unifrm (preferesdval ) disht Hon , switzble & Lorther amalysis.

B _Chi-square test of uniformity (non-parametiic, for grouped data)

The Ho amd Hy ate the same as tn the tio previous tests.
The dafa set cantadns N measurements grouged in k azimuthal
classes (groups). Reguurements: N/ > 5 aud N45s < k < N5




The test funchion (s a7
k
x* = 0: —E)*/E;
; 2;1< )/E: with DF = k-1
v = the observed group frequences (numbec frequencies);
E; = expecied QYW«?) frequency for uncform distbution ’

E = N/k .
The avtical value (s taleen fom TAbLE4,( - )
If X232 X%, Ho (s rejecked with (4-o)100% confiblence amd +he
popud ation dostrilahbn can be reganied as non-undferm.

where :

EXAMPLE: N=6€ measwements grouged on k=6 classes,

Aziuth Wl dnfmy (0-epz QiED
0-60" g )

60-120° g

120 - 180° 15

180 -240° 20

240~300° 7

300-360" 7

General comment

IE He uniformity test (Lhotho, Kiipex’s or Wakson's for non-

date, or the dul'“wm-ﬁsrgmw f(i;z.) (ndicates z Mn-ngrr::gfei
distrihadion (Ho rejected) — e cam tentakively assume that Hhe
genecal popudation sampled has o crcular-nor mal (von Mises)
dt's{f:rrdh»('don amd we Cm thaiuze the data tentatively in a para~
melric manner, by ng the directional staAisHes fnoxt ¥
These- statithics will subsequently be used in the Qa.gl(e{gk @?
to checle of Hhe assumplion of u‘rcul&,r-normait‘l-xd (s Justified.

Cirenlac-normal dostribution (see p. 9-10) ts charaderized by

& meam vector (uhich has an azimuthal direction amd a leaath
and a COanff&gt'on Og vectors. 'T"hene_ e 'JIMS L-:;'me p;a;n—e?i;(g)
amd tiwee staxdstics (estimaders) 4o caleulade. 3 <

For the purpose of numerical caleuladions ,
the posctton of a data vector () (s
defined by its “north’ co-ordinafe (x)
omd “east” co-ordinate (b) TIn terms of
the vector’s azimuth (5), these coonldnates
become. the. wector’s directional cosine and

Spne. {




EXAMPLE : Measurements of wwss-strata. dop azdmuth in & nearshore.

samdstone successvon. (n = 3¢). The date have been

smalest to the lMgesb velue .

48
aramngedd fom. Hhe
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I ; I 9 Stmzlwsmo.
¢ | T '
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2 8 |
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4 4 ||
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m Parzmefers and s#gﬂch;__s__

The parameters amed thedr estimafors (stdlsdics) £ Buo-
dimensionzl vectordal pop-dad‘!'on are. :

® The mean vector direction (a.z:.‘an«): X5 estimated as 9‘
@ The mean vector magnitude ﬂe"d“‘) R, eshimated a.sﬁ

® The vectorial concemtration. of the populaion: K, estimated as & .

The concentratlon-(K) is a parameter basically anzlogous to

vamlamce (&), bult reverse; vanlance (s z measure of dispersion .

For the purpose. of more convemtional statdsticed, analysis (e.g.,

the use of F-test amdbr ANOVA), the statlshie R can oonvgjaj

iwto the Batschelet cirewlar varlance (83) and cradar stwnd
devdatlon (Sg): ot

A 0
5% = 2 (4 - R) [in radians) Sg = - 12(1—b'R) [degrees |

Jhore R is given a5 a. fraction of one (net as percenfage’)

ard bz 4 (e.q., His comection coeffledent (s b= 1.0013% for

36 azimuthal classes of 40° utdth ond b=1.0015 for 12 classes of 30".«&@.
-rz.; aﬁ(:; Hivee stadishies ave caleulated with the frmudae given belowy

STATISTIC NoN-GROUPED DATA GROUPED DATA
For circular data. (modulo 360%): [For ciraular dada. (Medulo 360?:
A i sin XE A Z‘F‘:'s':n' X
= arc tam = ac tan T—m—
S" ¥ T .y S ficos X%
For semiciraular data éunea}iof;S): For mcirmlwdag\: )
8\ > % e tam sin 2X; g‘ ::i—arcfdn &;-sm.?)(i
S oot 253 > fuos 2,
where: X7 vs the meagurement | uhee: k = number of classes;
(azimuth value) in degrees. | | %= class’ midpoint value;
fi = class frequencyys n=2f:

When £ comes out to be negative (eg., =%2°), Plo% it counter—clockurse (i.e, s
360° — 72° =288° azimuth).

p — T T ™e Y c:n
R =N&)* +(E3)% isin bor 2ot (ot £S5 %)
k

A n
R where: € = -:—;Z OO.SXE whese E:%%Fiwsx‘a
- n R - \ °
5=+4> sin x¢ 5 =52 fi sinx%
For semicirewlar (lneation)data, 2x% shauld be used, as abowe,
9 When R < 0.65, = R(12+6R2+SRY/G 4
- When R > 0.65,, R = [2(4_ﬁ)_(4-m2_(4_§)3]

Based on the statistics, we can now check if the population distribution (s
circular-normal, or of von Mises type (see test on next page)-



m The @Ca;?k test of cirewlar normality
Ti's is & parametric test for the sigufleance of e pepulation’s
mean fesultant vector , bub when combined with a undfor peky test
(pp. 33-34) — o efp(éd“"dﬁ "9"“{".35 the distlbution’s a'rcu.laf
r‘bofMou{“;] (-562- M’Wv QX?’M&*‘JOA %L.A.The hypo thesis pectains to

conceutration :
Heo: K =0 (thevectors have mconcenfaﬁbn agul r mean
Hyt K >0 (the mean ved’oAr Ls 589MF..L:M':;(—'°) 9 et
The test uses +he value of stabistle R as funchion, amd (ts

eritical value can be caleulated phen n > 15
Roro = 12.35/n  for x=0.10

RO.OS' =‘V3.00/n, for o =0.05
Ro.ot =14.61/n for ol=0.04

Whew n<45, the crctveal values Ry are as Wsted below (—fa.ble)

n = 0.10 o=0,05 XK=, 04
3 0. 86 0.96 41.42
4 0.75 0.84 4.03
g 0.6% ©.75 0. %4
é 0. 62 0. 69 0.8%
¥ 0. 5% 0.64 0.82
g 0.53 0. 60 0.7%
9 0.50 0.5% 0-?3
410 0.48 0.-54 0. 70
A4 0.46 0.52 0.6%
12 0. 44 0.49 0.64
13 0. 42 0.48 0.62
n= number of datz| 44 0. 40 0.46 0. €0

(' é}ﬁd_-, Ho s rejected amd the mean vector ds considered
bo be signiflcank ) wh confrdence. (1-00)100%. Othecwlse, Ho
cannot be rejed‘ed.

W Gengral evalwation of sample population
Concluslon, abouk

ST Reii ot |2 pupal. hbabion
H, rejected Ho rejected cireular-normal

Ho rejected H, accepted bimedal or plymodal *
Ho accepted Ho accepted non‘m&tauwzi—'@haoﬁl%

% The somple. popudation should be carefully split dnbe two or

n,e,ﬁb‘:ub u.l{l.OMS and e of Hem e~
:\:&fi‘;z’z‘ft; 2 fofx r::e ddagram. orez’che( fds{'ogrm will

help to maﬁf- the spletting.
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B Analyteal strategy

Dependdny upon Hhe resulh of He cireuler- normaldty test,
further amalysls of the date il be as shoyn below .

Explanation:

T4 s assumed, for elrler
Mmui duﬁvmfwﬂ +that
sibn of t415°
Co:rcspomjf s 2 25
cavau\g ek, SS% Hvz
dnlnbuhbn

Ho th the uniformity test
and the Rayleigh test

@222"#"‘)‘/\

Is the d,cspersdon of +he data

The. popud ation .cmnpbeoL lzcks

prefecentiol, unimodzd patten
its distrobaton Vs not crewlar-

nermal , but chagtic or bi-fpolymedal

Panametrd a.ppr'oa,dq canneot
be used , amd 'Hm c:.la«laz‘&l

s+a.1Hchs (5\, 'R & K) are
wnvaddd ; -Forad- them .
THE ONLY OPTIONS LEFT:

* revise gour sampling
% spM‘ the data popu.!aJh}on

around B less than * 445° 2

P |

YES

@E_)

You can use +he
spearad metheds given-
belsis On the text,
but you are alloved
aldso to use Hie earlior
parametie metheds
based on normal
(Gaumssiam) et tibn,

Use the spec/al
methods glven
below tn the text
to amzly ze {Urther
the population(s)
sampled . These are
stedlshiead me theds

ento undmedzl swbpopulahbns,
% Unorease the numberod datz,

Wwhich are. simpler and

easver. Consider for vectorial prpulations ith

clrenlar-normal

tr as X, amd Ve or |70 s
and try again . g‘s et (on Hpses tpe)
A \ i

Metwds below

B Confdence inferval sed‘or for Hhe mean vedhor direction
The caleud 2hbn regudres (N-R-K)>6 omd vs as followys :

(f-d) <y <(§ +d°)
where: § < the caleulated staRebe (mean azmuth);
o= SE2956% Zyot m— where: 572956 = conersion factor to

= : change vadians inte degrees;
'\’nR K Zy,« fom TABLE 1B.
The confidence coeffichomt of Hhe yntecval s (1-ot)100% .




m Comparison of two vector(al Pozwla*dons 52

The folloning tests can be used for o comparison of cireular-pormal
vectoriak pepulations n terms of their meam vectors, vector concen-
trations or — in a ron-prametnl agpoach = the whole frequency
distributions.

eTost t for the dufference betwen two meam wectors

Ho * X:( >X‘9_ o X4 <Xz one—f:au.'L &(T“le‘*'jﬁn)
Hyt ¥a<d2 $1 > ¥z deponding on X omd Y,
The. test (u.nc,h)on LS _
A A A - _2
{[” + 3/ kD] (n-2) (ny R4 + 2Ry —nRy) 1% | DF=n
i "’464 -n, Rz

where: R, R, = +he meam vector lengths of the tiw sample. ations;
n: ,) n: = the sample popda.ﬁn'?n sizes L
n=n+tNy ‘
Ry, Ky = the mean vector leﬂazt a1l ved&;;jnzaﬁfﬁog of
the to Sam tons com "nooled" ).
The enhical velue, 't | s tmﬂeﬁ%mme 2,78 e;t—f , Ho (s rectel

Mtglol:., ts accepted 1t confidence of (4-)100%; cthesdse, H,, cannot be
TQ)Q <A

Comment: Ry omd Ky can be calulated by taking both populations as one.
Alternatively £, com be calewdeted by the formula given vn ¥he Hhind test
belows, amd K, cam be deaved fom His value (see formulz on p49, bottom).

o Test F for the differonce befieen tio mean vectors

An dLMn&»f‘tW. fest, wih Hhe same hurothesis, base.] on Snedecor’s F-
distribution . The tesf function has two forms:

of LKy 210 of Ry< 40
. (n-Z)(a,‘-(- &z‘ﬁ*) » 3 (n-Z)(ﬁq’faz‘&xz)
F= 7~ F= (4*-2-& ) x
n—ﬁ,,,-—e,z X n'ﬁ:ng_

weth 1;? = :_2 and symbols as above .
The onitical value. is talen fom TABLE 3; but if K4<2, & speclak
table is necessary (see Mardia,1972). T F2F, , Ho is rejected.

@ Test for +he dofference betueen two vectordal concentrations
G EE - BEE LENSTES,

' 4 . v ;

e i salaglie g i i

Cy =% (na&y +1,62) ?Aw%z’s‘;f;éj:gf

= 4 (ny & + nyS,) | ehpeplation (p.43).

f X
Sx
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and test anetion is selected \((_*), (*)T\_

> When é* < 0.45, the test function s :

Z = 4455 (w, "W27/‘{(n4-4)"’ + (np-4)y1
H’\m: W4 = awc 5I.ﬂ- (4.225 é,') } u("’h é"w é\z (ZIW'&ieJ

Wy = ¢ sin (4.225?22) %Mwmsmph populations
The enddezd value (s tzJ‘.“’ Lom. TABL‘E ";B. (see p- 49 ).
If Z? Zot , Ho ts rejected b confidence (4~ct)100 % -
- When 0,45< Ry < 0.70, e test function i's:

Z = (v,,—vz)/[o.ss’:% Wn,,—?:)"' + (02‘3)'71

where : Vy = Ln,[{‘,, +m] woHL -F4 = (é4-4.089)/0.258
Vo = In[f2 +{(1 4 £7)] it £, = (R, - 1.089) fo.258
AT’lQ envbc 2l velue (s telen fom TABLE 1B, as above.
> Whem Ry > 0.70, the test funchlon (s:

Fa M (4=Rg) (nz-1) | +— laner velue in numerzhor
ng (1- Qz) (n4 - 1) | =— Smeller value In desominztor
wu‘- DF: -DE‘='V!1-’4 —-— for é;t.n- riw mevztoy
DFZ - nz"'f ~— -ﬂ){ [+ n W’Nﬂ)ﬂ&*\?"'
The enezl value Is telen fom TABLE S . T F2Tors
Ho s rej'ed‘ed i (4-06)400% con fr'dence. .
o Non-payametile. test for the ddffeence betueen te vedon'zl popeelackions

The runs test (p. 32 cam be used for a bulle companlson. .

The tho populations are mixed anmd the dafx (azimuth mezouremmts
ave ordered fom the smallest 4o the. large-ri“) being marleed zleo as
which population does pareudzr value belony),

The follewing statishies are. thon caledated:

U = He ob%mm&er of ;::)s? "
(Lo = the expe mean wumber o vyns for o ramdom midxtue
te = % dakh. fom tue populahions:
Sa = the -exrea\‘&J standan] deviahbn of dhe mezn .
For formulze, see p. 32) | beolute
gn@ to st fuviction s : - = | Uo - Ue| i)m
Sa

The. cridezl value ts talen fom TABLE 1B.
If Z > Zw, Ho (postulating lack of dfferance) s rejected
Wt confrlence. (4—06)400%. Otherwise, Hp cannot he mjedul,
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B Sinmultaneous comparison of several vectorial populations

One-tiayy ANVVA com be used as a parametrc test for the.
homogenedty of meam vedtors, with e flUowing hypthesis:
Hot ¥4 =82 =5 = . =1
Hy: At least one population has a mean vector

signdficomtly defferont from He offers (¥ #3",})
neway ANOYA table :

ik, | e T 2 F-test
VarcaATon beteen A A

Sw  (m-4)(N —E&—J

Vaurcati A .
Mﬁﬁgnﬁl’wn - ZRL N~-m uche {Dﬁ m-4

Total vawiation | N- R

DF,_: N“m

pudations Zm Ri~=Ry | m-1  |[F= .SJP . (N-m)(SR:-Ry)
N
N

x N-4 Creheal value. F-yzoc
= from TABLE 3
where : R. = the magntude of He mean vector of pactlewdan yop.dahbn/;
fQ‘: = Sum og the ma.gno‘ﬁx.des Og 2l meam veafors;
ﬁ* = the mognitude of the mean vecto, of aM populations
combined (“pooled”); see. formulz on p- 53 (top);
N = total number o data ;
m = number of pop lons Cornfafed.
Ig F2F s Ho ts rejected with (1-ot)1e0% confrdence. ; € F< Fasol,
Ho camnot he rejected.

B Qpﬁrm‘zah\on Oﬁ swmp&‘@ of 2 vectordad PON&J{“%

AY = reguired accuracy of the eshimation of mean
vector direction, ¥*: thils maus be considered as a
condldence semi-interval (analogous to d° on p. 51),
omd talen to be *5° *40° or £20°
M = rumber of outomps sampled,
o= number of measurements collected perognog&mgan)ﬁ
The data. (N=mn) hawe beon subjected to ANOVA fest (ac alkoove)
avd Ho has been accepted: uhat we hawe been sompling s
2 single popudation . How to optimdze the sampling ;, While mesting
the accuracy require mont 7
p;nAMW v?iut:s c:i W mdM'\z' from Yhe following set of
tons (note that Heir right-hand are. s S
fom. e ANOVA Eable): P e







® ANALYSIS OF THREE-DIMENSIONAL VECTORIAL DATA

Three-dimensional (spherical ) vectordal mezsuvemests are date pairs :
A= dup direction [z muth)*
{ D= A»? anyle )

¥ 1f ctrilee has been measuped , this cam be recaleudated
as follorss:

A® = Streke + 3o° (£ 4p0°
3% 44%2_)_. Correckion for Hhe
When using Excel or some other standan! soft ; é»‘rnrgzk;;ﬁ rule
convement to recaleulate the date. ch degrees dako raddoms -
{ Ara.d = A° 2 %Oo

Drad = D* 7%.
For the purpose of numerdcal operations, each data pasr (A" 1°)is represented
by e unit vedkor, ¢, whih is furthes decomgosed tato three component
ortiogonzd veetors coresponddig o the "north® “east” and “down”
axes (see diagram belor)y

C2 COsm @sD0 1y (p,y wd Dyad com bo
e 5 > used, £ mone ocnvenimf)

n Cp:
Criomunti S
> e K
€ j ‘)yae ' €
i |
4 Oy |~
Cq i ~
~ : -~ ‘
T ‘rfg?fu i ol unit vector
LA 45 st
A 4 \
% y

d
The difference betweon fleld measurement (A,D) amd chs
tepresentation for numerlcel purpose. (Cp, Ce, C4).
In order to ched the comectness of recalewlation, the. follswding Brmula
con. be used:

[Ent + (co*+ )] = ¢
For the whele data seb (sample population), the mean values ave calelated:

——

Cp iy Ceo amd Ed-
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T Hus distn bwtion < =4 ond the o pasameters are

estimated as: A Mo, o N
‘lzizzﬁxo) NW N=Z‘F":

g = S, =\[ZN‘F£X%“N5ZL
X N-1
The chw-square test funchdn s

Lo o (Of—Ef)
heve: OF; = observee) roguance () ER [l DF =k<2
W : = owser 2 || where:
4 XY (), Kk = number of clo sses
Ef = expecked freyuency foc deal
& ?:CSScMafLQJ&M‘\JU;n,.

(dao/dﬁry ‘bl r E{; =P;-N |
< O B EL Oh-En (0h-ER) CEEEY

O 28 0.3% 2.3 6.64 44,09 2.06

1 46 0368 2208 -6.08 36. 9% 1.68

2 g 0.4 M.L4o -3.%0 M. 56 A.02

3 4  0.065 3.9 .10 0. 04 0.002.
4 2 0.04% 4.02 0.98 0.9 0.94
5 2 o0.00k 024 4% 3.09 412.84
>6 © 0.000 0.60 0.00 0.00 0.00

Sam: 18. 654~

= 1,282, uldch s greater tham 4. But (s

ok greater enough to rencdlec the-
do stnbutionn on- Pol ssoman. 7

P (x=0) = €% = 2.71928 ~*9%% _ 5 35,

R (x=4) = 3t = 4.033°0.35¢ = 0.368 _

P (x=0)= 4(B)ed= 0533 0.35% =0.100 | Caludlahry radt:

R (x=3)= £(3)% > = 0.18k - 0.356 =0.065 X *= 48.54

v ((X=4) = 2.3y = 0.04% - 6.3% =0.017 IF = F-225

2 (x=5)= A (1)°¢? =0.010 - 0.356 = 0.004

P (X%6) = 0000 4— Caleulated by frmda
: on previans page (bottom)

And vhet’s gowr conclusion about thes exemple dafz. sek?
(Com i+ be reganied ax Polssomdem?)



@ Powameters omd statistles
The. mean compnent vectdrs ae czleulated fc dhe sample

(ot En =(Zw Cn)/n,
Ce. -(f%)/w whe : n= number of datz
5 =(£ CA)/n
® Mean vector length (R) (s eshimated as:
R ={(En)? + (Ce)* +(Cd)*
@ Meam vector derection (A° D°) s estimated as {ollous;

¥u.= Cp /R
Yo = Ce/R
§a = Cd/R

fom which the meam vectorddrechbn s dercved ;
2 A° = arc tam (&/z?m) +t e

¥3p° {1’)\" = arc +zm(ga/*{ Pz +37‘e.£>
wheve. (. s Yhe c;,uadrzm* posoworw/vg a[/uah}ew&:

g‘n g”e Q
20 20 0
<0 70 180°
<O <o 4180°
20 <0 360°

I the whole caladatbn was &r dade raddans, the
velues obtedned should nows b2 convected tnko degrees
(wt¥h fsrmulae on p. 56). To obtadn the amyle of dip:
30°~D°%; to obtad the strle divechbn: A°—~g0°

@ Vectorlzl concentratibn (k) of He po/;\daﬁbn (s estmated

as: A A
“cT-r
TWs formula. i's valdd o 0f R > 0.65. Othenlse, there are

problems it the czled Zhbn of K.



m Conldence tnterval (cone> {or the mean vector 89
Tn e case of Hnee-ddmenshnal vectorial dato., the
confidemce interval for Hhe genead meam (ygp) ¢S
a. cone wth sec-apicek amgle ) (see diagram belowr).

The amgle () s calewleded , for an acceptable rslc—of-error
) by e {ollowing formula:

A = are cos [4 s lnm/(n'ﬁ,-ﬁ)]
ad s confldence lowel o (4-0) 400 %

A smalk ercle of reddus X (s p(,oHed on
the. stereonet™ ground the mesm vector
projection polnt-

W Compatisen of tw vectorial ppulafions
o Test $r the difference between o mean vectors
The. one-tacl hypothesis teeted

{Ho: i <¥s o [Hot Bid Y 4 Meanveckrs me Hhesame
Hy: $2>X Hi Xi<Xz2 =— Meanvecters are diffeant

The test funchbn Cs:

£ (-0 (n i‘ +:2Rz ~ n Ry ?;‘;2
S X DF, =2n-2
Nh?/ei |2_=:. n1+n2. =
R, R, = H\amwved’orleng%s O.Iﬁdo
A
Ry = the mean vector l@now. Wadzbns

combined (“pooled celmlaf&l a5 plops:
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- (e (B

h
avd Yhe sums of direchlonal cosdnes C.Z'}__'c)we
calenleted as totals o

k Ce cd
Popud. 4 ("1) ZCnyy ZCely X Cd (1)
VOM- 2 ("2.) ch(z) 2Ce(r)y 2cd (2)
Talsigy For, S5e. 5o
The ondfical value , Foe,  for the test ie talion fom TABLE 3,
T the teble Us Cnsuflcent, He ctical velue cam ba calulats
as: F=3;__F_%(oc‘2/”:z — 1), vhere DF, = 2n-2 oud
ok = selecked sigflcance leyel, | |

I@ F2Fs , Ho Us rQJ\cOL&J‘ A con kdence. (4-.04:)4,00%.
oHweridse, H, comnet b ngjected. .

o Test & the defference betweou o vectortal concentratibns
The one~tadl humthesis tested e
Hot K4S Ky or {HO’ Ky 2Ky 4= Populations have similae,
Hie Kq > Ky Hyt Ki<Ky Populations have a‘lﬁ

‘spw‘ons

 The {est wquines that hih R, and R, are 0.65, ond tho. fest

funchbn Us na(1-8,) \
F = :'14 - 4: } wger n\&m
n (4‘2 ) value |
2.n,_--»t A } smmden,omhna'ibr

Wich cam be reamanged as (see p. 53):
" "1("“734)012-4) udbh $ DF, = 2(ny~1) 4—&,‘:&.1%%

(R PR 2 oo
The crifical value Fee s toleon fam TABLE 2. I P2 Fix y. the
Ho fﬁeded Wl (1~ot)100% confidence ; othernlse, Ho cannot be-

YE.JQ

=

r
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B Analysis of bivariate populations

The data populztion to be analyzed os {x,9%, woth two
varlphles (x end y) whose mutual relatinchdp is the Geus
of our Wwherest, The data are w pairs of x- amd g-values.

@ Relatlonsikp between two quantttative yanlsbles : [tnear

correletdon amd regression (parametric method )
The basic parameters to consider are. :
éxy = covariance of the two varizbles, x end 4 values (20, -20)
8xy =0 means “no relotdonshlp” betweon x ondy;
éxy YO means “positive relatbnchip *between x ond y (ie, when
<o vaahle. Mm&a.cﬂ\ef ‘noreases too)j
Xy means Jue ’ ‘e
one. mm)xﬁa_ dncrezses Ta othes deaeia::s\g.( s
Sxy = coefflchomt of Wneay comrelztvon behypen x ond gy its values
e behieen +4 and -4, wih Exy =0 meondlngy po correlatibn,
Exy >0 meaning posctive conel atbn and $xy <0 neyatove corce ladibn.
Pxy = coefliclent of linear regression (dependence of g on x);
s value Us a tamgent, or the ratlo of the chenge iny to a unit
d\wge_'mg; 2f2an, Byy=0 meons lade of regression , Pxy>0
means “posrtlR” regression. and (3 <o means “nogafive  tegrosion

Their estimators | or stofsbics, are
COVARIANCE (Sy,)

n £ _ | Vefinition formula, ubdch

_ Z(xe=R)(yc-3) | gives 4. *biosed estimador;
-t n n-4 ¢s wused (n denominatoy
to obtadn an “unbrased” one.

5 . n3xy; — fxcfsa Practical frowlae for
A

Sxy

g~ n(n—=4) ‘unbiased" e shkmatpr
ngszr—:iﬁ -—)'Z-g = S@—?Q

PEARSON'S CORRELATION COEFF(CIENT (Vxy)
Txy = _Oxy woth values i the. remge :

Sx * Sy -4< My & A
® The Fisher test Lor the signdficance of linear correlation

One-tazl hqpoﬂw.sds: {Ho: f"ﬁ <0 o fxg 20

Hy: Sxy 20 Exy<0
The test functibn :

=2
t =ty ,,nTT’g wee DF =n-2

e oritleal value , ., s taken fom TABLE 2. TL t> 4, Ho Us
rejected e (4-0)icovs Jim;ﬁ‘;&m, Heo canrotbe rejected.




B The problem of data closwre -
“Chosesl” data., such as percentayes in the case 08 a rock
cOrwposJ('Jon (munevzd or oh,e;m,a\,l), tndue the so-czlled
spurous comelation betweon e varlables — bl means
felse volues of Ty, camsed by the effect of closure :

p
‘Z‘d X¢ = 400 -Fpr each mpte (p: mumber of

Data teble type: vasVekols) of compoponts, shuclied)
x Ve..;(ta/bbes "
ik 2 3 Rou sums
. = .

2 X X dse X = A00% x¢; values are tn
% %94 iz Xz 2p % pe}r s
§ 3 | Xz K3z Xg; .o X3F = 4007% asweld be. 4. when

o X . . . . the. velues ave
Wy s : = : . aven o5 frclions

n X’M an Xn?, g XnE = 400A O@ 1'

No matier of only two 0f Yhe vadoboles (eg., ¥; ond X_g)are.
wrreloted with each other, or (£ one of the varlables (s comeledted
NoH alk Ha o#\e'(s, as in mudtple. correl zfion (P- #-%5), +he.
effect of spurious correlefbn persdsts. The vanlable’s show
a.f)pe(cm)‘- wrmlaf‘%n stmply because , in 2 cdosed system of velues,
ol one. value. tnoreases , the. others must decrease.
The followdng log-rafio solution con be used to “break” the
doswe. of data (teble zhoye):

1) calanlate o geometric mean for each row, X@)ies

(2) dy‘\n‘d& the whole vouy by ots ’9@"\@{71}5, meam, x../j'{é)‘..;

L

(3) replzce. these ratio values wcth thel'r logarithms:
log (Xie/X)is);
(4) perfoem the comelakbon ond regression amshiysls on these
M&(W (Log-raz‘tfo) dafa.
The caleulatibn of geometrle mean Ls ex{ilwfncd earlbr cn the
text (see p. 19).
The. log-ratlo famsfrmatibn has been proposed amd diseussed
tn dﬁ)\(&b‘t,'aib% woth. He problem of data dosw@, b‘\,,.‘
¥ Actdlson, J. (1986). The Stalstad Analysis of. Com positionak

Daka. Chapman 2 Hall, Londen , 446 p.
* Reyment, R.A. (1938) in jaurnal Terra Nova, v.4, m.4, p. 29-34.




m Straight - kine regression,

The 24m (s to fnd .
\./ "hest-Lot lne (Wnezur on)
- desuf.fbe the vel ahlenshwp

AL ot eert and X .
N s (b'el?as{-sc‘,gm' ertenon (s ufed)

-y

>

X
Moo\eL:lg=b-x +c |
whee. b = theline gradient; estumater of 3 (see prowous Pde@i
aw:) c. = the Wne’s (ntersection poiw{' with the (d,axlfs (see d:'adrm).

b = 25 ) a2 b= regression coefblent
5 2 (repression Uine’s gradiont

c = 9 ~ b X%
Move. wmiversal way of finddng b emd € s by selwing
the following syrtem of Uneer equations :

f\ﬁg—f b Zx.;+ C"‘L’L

Sxy= bZxt+CZx
or the %wf'valent ot x ew.aih'on, ((l‘neaur)!

Zn'ji. - Sx; n 1 [b]
S x; fx} >xiLC
@ The Fisher test for the siquficance of vegre ssion

H '/5<o p>0 } ove-tan'l formulation, depending on
o* = or —
I-L1:

( £ b-VO'LWQ—
>0 [5<o/<@ the- sign. o
The test fundhbent : i o lglvzﬂxf_ _n(*—)z

{55' (4~ "xZ)' with DF=n-2

Crheal velue (s tehen fom TABLE 2. .
When t >t (one-tail test), Ho is rejected with confidence (A-ot)400% -

Note: The denomdnator in the formula above (s called the
*stamdand enor of the e stimation of y on X' |

S = s§(4—v;g) )
and it Us simply the standzatd epFBR of the estimation (§)
for the regression kne. Ths statistie 'WCU.'be used latey (n the text.
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B The Fisher test for the difference. behwen two

regression coéPllcdonts (Une paralleldsm test)

; zhon )
Ho' Sy < B2 B> P } one-tall formutation,
g zdues b
H1:ﬁ4>ﬁ2. § ﬁ4<p2 W’H‘e,v 0€ b,{aowl 2
Test Qh,nd'don—:
' b4 o= b:.l
t = e ;
Zzy+ 220/ 4 g = )
Ra+ny, - 4 (n-»S% (n,_-i)S,f'
e .~
with DF = ng +ny -4 % 9 &

~—

where: Z = residual compongnk (see tahle’)

g e
\Z(x4~x4)2 Z(xz_;gz)?./

and other symboels a5 before.

Alteenative expre ssion for the

Calewlatorny table . Residuals Z bevm o purentheses ahove
l: xf. 9; X-f‘ X 9 | A
zc.-.l:];"‘ji
4
2
3 Z 2 'H\e,
: SumZOF {cl‘;s column
n| | Lol
Data L Calanleted fom +he

o Tl & adudatel st
for each of e tio popda*’:gft's.%

The. m}“(.&al. \/m

vegre seion ewa:h)ow g=bx+c.
for all inddwdual X -values.

when t 2 t, (one-taill fest), Ho s fejected with enfidence (4-tyeo% .

Note.: Frm the toble above , +he venwamee and stendaryd
dewatlon 0{— e vesdual corwrom)" ave also devived

B i SRS
=TT

and He laMHer U be used further below.

B Regre ssion Wne’s goodness-of-fit
Coo.@(lu)ewt‘:

RZ = "'ng('“"%)
is commonly used omd often called

Alternzbively, one of the folloulg coeddl

2 205 =9 0
“= Fmgr

T )
Z(‘J"'U) (100%)

(n-1) S

2 5: =
d?2=(1- (;327%;{)(100%) = (4--3—-)(40%)

2
J

2 Szzv—s-i:

0 < R2 < 400%

~

Hhe e of determinzfin

cam be used :

ts
Al o T,

nwshlc (%) ¥ha-
regréssion ea,uzﬁbn Us.
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m Confidence interval avd confidence belt for

the regression Wne
(1) Confiderice derval (L) for single precdictisn

When preddcting the value of y
for a given x;:

X¢ = y; = Yi(2L)
Nl\wi
L = confidence semi-interval .

Calewlate. L :

_ ; wuth confldence
L= ty, s, VR ooef(“ufn& (1-ot)100%

From. TABLE 2 -——I 1

=\2

for Y20t amd DF=n-2 Rz 44ty (Xi=%)
L n 2

See previsus page (n-4) s?

and the Pm‘:wcﬁ/om wll be :
(4o =k) & 4y € (vl | onlie oafpust

(2) Confidence. belt for regression line
Select a series of x-values, or at least the following five values ;
(X~ 25,), (X-5x), X, (X+Sx) and (X +25x),

ad for each of them (xk) celenlate L using one of +the
following formulae:

4, (X -X
ot Re= ® Y-Sz

Fom TABLE 3 for {1 =n-2
Plot the caladated ‘ntervals omd Link Hhem to male a “belt’
as s,\om\, b&lpu.

Y

Lk = szflzx SZ' Qk {DF4=2‘ omd Yool
W

'\ConF"dc_n“o‘e. belt

B> confidenca coefficient
5 A 4-L )400%

e ¢ _y'e H-ot)




B Curvilinear regression 67

o
¢ fs Tt — Theaimis o find a “best-£5” curve
oA, to odesaribe the velzhonsh
betucon Y amd x (Hhe se-c alca,

%
e ’\D 1, int
 ’ o le2st- squares  criterion 3 afrkeel)

-
7z

X

P ‘ ..
olynonmizl meodels: = byx +c < Shaight-Uine model

(204 degree | §=byx + byxttc
(274 degree) g- b4x+bzx + byx? +c

(kt“’ degfeg) 9 = b4x +b2x +b3x "l"“‘bbl‘x + C

For exauwplﬂ. : In order find the weffidents

of equation §=px+b,x?+c,
the following system of ULnear
eguaton s har 4o be solued :

5-3:,"' @fx; + [by|ZxF + |efn
é\'x;g;’" @2)(3' + by Zx? + Zx,;
.;_'xfg; = (94 Z"X;’ +E£xf' 4—@ Zxt
(3 equations with 3 unlenowns )
or tn maAnx (bfm,

Z‘ﬂb z)‘b Zx E]
Z-X;'J‘, = ZXQ' X3 Z)‘

Zx'—g Zx3 Sx " 2xF
The. ggoodncss-oﬁ &k s Mm& by the ddexndndbi\
coefficdont .
(4 = ) 100% | 0. & d2 < 100%
where. : Sum
L U mmﬂd&(&l
327".-.- 'ZE—ZI»:-—:L 'l'ufk.ov\pélf_) ’

L The polynomiai’s degree
The shalele Sz Us +he vanmamee of residuals (z).
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Exponential meodel : g = b’ e

Tws hes 4o be trensformed nfo o UWnear form:

tiny = x:lnb + Inc
amd ¢ha coefliccents (b and ¢) are found by
solung e follodng  system o@n Wnear equations :

Siny = [mb2Zx + [nec)n
E“x-,-(ng; =_@' Sxt + [lnc) 2x

or . matilx form:

Z‘b"‘.‘,f & ﬁx"‘ o o ‘.Ln
ZX;’L"‘:]' iX;_z 2X‘ (tn

The goodness-of - &t s measwred by .

Numcve&h;:an

- A2 € as we :

ar = [1 - St oo | Elowcodd
n ;" ”3

0<% d* £ 400%

mean logarithm = _2_'.:_£_§C
Logartthrmk model : l g.. belitse #é

Heve, #a followning system of ULhnesr equations has
to be solved to flad "b" omd et

Z”tj; = @ Z”(nx‘- + |lc|'n
Z 0™ @ ani-lnx; +@- Z X,

or (n equavelewt mabx form (onstucted zs before).
The QOOJM“— of — f€ s mezsured by :

dt = [{"— gylnx, - %ﬂﬁtnx;-z"'g;]‘ —— - 100%
[Z (> - A 1n D] [Syz- £ )]
b

Power model :

A
g = ¢ X

0£Ld* £ 100%

This (s transformed (Unearised) as: lny =lnc +b-lnx
amd +he. folloming system of Wnear

etions hes 4o be
solved - i

Z" lhy; = @‘flnx; + |lhel-n

B xctm x [ St + Pmc Ex
or U equivelent mabnx form (wnshucted as before).
The- goodness~of - ¢ s measured by : 0 <d < 100%

5 (Inx-(ng) ~ z"‘"'zl"‘d]z‘
dz_ = 5 [Z(( x-( ‘:’)t > , 400%
(£ - CLdT] TS gy - o)’ |




& l\_]_gn-—pmaq’n&ﬁ:c a,l{'emai'fve ﬁ)r Wnear CO/IEZQ_EJD@: =

_omd regressiovt

m Spearman’s vamk-corre lafion coe fficdent (75)
The samples 1%, Yo ramked acconding to the inarwasing values
of vamlghle x amd ramled seponately accovddng to the Increausing
vajues of vorzble Y (ustng ranles: 4,2, 3... In edthsr case).
The dofferences in sample vamles (d)awe then used to caleulate:
n
j 63 d2
Ts =4 n(n%-1)
whese values (~4.< oS +1) have Yhe same meaning as tHhose of-
the. Pearson comelatlon cocfficdont, Yy (see p- 62).
Note: If there are ies in the sewmple ranles (i.e., when tws or more
samples hawe the same rank aCCardAlnﬂb x~value amd/fbr Y-value), a
meam ok s used for Hhe Hed scomples ang the formula, (s moddfded as:

N = number of samples

T = Ex + E‘J - anz
2{E, Eq
o By L Mg T, ath T, = Dot
By l-B i Ty Moy

My = mumber of amples tled accorddng tv x-value ;

| My = mmber of semples tied accotling to y-value ,

m Test for the signdficance. of Speanman ranle comelation
The. one-tacl hypothe sis tested :

Ho: €5 <O or SEDO
Hy @5 >0 9s<0

TZ\Q k.d‘ ﬁmdx'on,.-

e [5y-0=2
t= ST | o oF=n-2

The entical value, €, os taken fam TABLE 2 of n>8, but fom
TABLE 9 (f n< 8. »

TE £2%0, Ho Us refecked with confiblonce (4-ot)da% ; otherirlee
Ho comnot be vq‘ec,fed.




m Non-pawametrlc lpear regession 70

The calenlatory procedure (s as follows:

4) Avremge the somples 1%, 4t accorddng to Increcsiy X-values
(n= number of samples).

@.) C&‘(CM.’.&*C He “local 9(04!26&*8“ be;(ww a4 P)SS()bte- pa‘:fs
of somples, (X5,45) ond (X¢,40), fr 1< i<j<n:

i = G
There will be N :.L-!n(n.i()/z ;/ude lo(,al;g GY&AMS to obtadn.

(3) Make 2 cumuletle W,encs plot of +he by -values (le.,
o warmulative curve, as in Y. 5A on p- )MA use e
meddast, b, , &s an estimator of Yhe regresaon line’s
graclent ((3). (Median Cs the %“‘p@(mh‘le read frm the am,e)

(4) I‘d,emh{iﬂ "ot ldec Sawnples and possibly delete these data fam
tha sample populatbr , usting e citenbn of median sbowlute
dewation (MAD)

The. MAD urdteabn. Us wsed as follows :
() Calenlate the resdduszls (2)

[Z0 = Yo ~bm¥i| for each sample (1<csn),

(b) Make o cummdative plot of z;-~values and use e
meddam , Z p, > to caleulede He absolute dewatbn Gom
the: meddan De=12;-2Zml for ead swmple. (4$¢an>,

(¢) Male a. cumulafive plot o€ Di-values and read off
the. medvam ; Dy, 5 which vs called the mediamn absolute
deweton (MAD) of e pspulztion.

(@) “Outlers" are samples ot residucls (2;) folldng
puksiele Hhe Wiuts ZmEt kDl vher Kk s takea
to be 3 or 4, or an thitermediate v ,Jo"rhaf the. number
of owtlders Us kept small omd minimum data are deleted .

(&) After eblgmnadion of outlers 5> the tnoflal procedure (1)-(3)
's repezded ond a ness representative b,, 0s found as medizn,
(T no ouklers hawe been dentifled , use Yhe orghal by .)
(‘t) Estimate the reqression Wne's t‘nfefceflt vt the Y—axis (see
P 64; t"’P) LC. = Zm (f. Dm>
The interval %D, s an Xim confldenca. belk | represeut
the “bulle” of tha PM&%zp?d ~m uf’cevtadu). - e
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(5) A confidepce belt for the regression Wk can ke estVmatad
fom Hhe cumulztlve frequency plot of by -values, by
rescdng off the dolloming tao percantiles (gradbouts) :
b(N +N%)/2. ond b(N-'N"‘)/Z
whore: N = as defined aboe; N = n(n-4)/2

N* = Z, o [n(n-1)(2n +5)/137%

L Vm &bm TABLE 4B (Zo.°5=4-64) 20'02'571-96)
The confelence coe fliadink of Hhe belk il b (1-ct)100%.

@ Relatibonshlp betpeen o quantitetlve and o qualitastive

vomizkle
The valwes of the quamtitahe variable (x) are split Unto
grups c»rresloomwn@ t the “statese( caa‘e.gordea) of Hhe quzld-
ahive vorlable. The grovps of x-values are thea comperred.
o QuMH*ag:’_ vanlable. (X) One-tail hypothesis:
fatie ()| X - values, X% X () {H&/“u)(ﬂa) HySH
Yﬁ%g @ Xy~ values, 1X@ [ Xa He:Muy> Meay ™" /QIK,I‘”‘(‘;))
; X(4) = values of x comesponding to state (1)
X(2) = vélues of x comespnding to state (2)
n(‘ 4+ N ) = n
The Snedecor F-fes% am,fJ)S‘qu%* t-test can be used o veriﬁj the
hypothe Vs (see p. 26-27), which will be a perametnc apprach,
ASSAng normaltty of {X('D} amd {xa)} Wstobuwttons.

Biserdal coelekion cosffivvent (v cMematively be used a5 a
paramete. methed Aor m[&ﬂon( chfn quanvfi‘faﬂve vanjable x (a;;\;rzed

here to be normally dist’ and qualitative vamable (bi'nany or bin
The vanizlle y has o ca}egon)gs 4 (smoﬂcf/minr/ucdpe/?poofeom 2 (W/
major/shonger nche). The coefficent is calculated os fllows:
1, = (X = Xeny) P9
Z-° Sy

whee : ’-((4)) X(Z) —~ the X-vanizble meams corresponding to 3""”’"“‘1‘2’
P = fraction of x-data core sponding to C;=2 (p =~ na)/f,ijﬁ?diw
g = fachion of x—dxlo. cotrasfending to ymd (4n neo .53
2 = ordinahe of stimdadl normal Jidfebtion correspe pdinato q’gﬁb”
Sy = stondand dewation. of ol the x-data. TABLE 41A);
Coeffiecdent ¥, =assumes values betueen -1.0 and + 4.0, whi)y have o
same meaminy as those of e fearson. comelahion coefficlent (p. 62).

2>
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® Relationship between two quakitative vargbles

(assouption amalys(s)

Association amalysis \s 2. nen-parametnc equivalent of comelation

omalysis. The so-called contingency tables (number frequency dats)

are wsed, wh hWerarchical or nonhgrawehycal row amd columns,

dleponding on the type (ordinal or nominal) of the veniables (p. 4).

m Ordinal-type vonriables

A hievardhical contingency table omd _parameXer gamma, (),

esttmated by statisHe G, can be used in such a case.

variable 4

“) (2  (3) -Tp-) Row sums .
aJ (1) C“ C‘L (.'13 e C’P ZC". ‘ &n*lwad {-dble- k x P
Q@] € | G| Cu| o |yl ZC, k = number of hievarchicel
:§ G| Caqe | Cyp | Cos ves C;p ZC_;. stoses 0( vaniable 2-("»/5)
e IR T 8 p= number of hiearchical
Y[ Cua | Ca| Cus| .- [ewp] Sc. Ve cfvarable £ (luiong)

Column sums Z¢., 2C. 2C,5 o ZC.P
C = number ency of sam howine state ¢ of vanbble 2 ond
g m“é e
The followlng tio values are calcwulated:

fo = Z(Ci Zems) or {258

th ¥y \ w N L
non-zero emfrg remaining entries o the lower-right" ia table

fL = (i Scm) for {MS

n<J

M_Zfo,‘%ﬂwm’nﬁ entries to the ¢ lower-left in fable

The stehisile G s caleulated ar follows:

_ fe-fu
“ fr + fu
The meaning of s volues, ~1<G<+4, s simlar to the meaning
of corvelatton coefficlent (p-62) -
Test for the slgniicance of assocledion

-tas ‘ Ho: ¥'<0 20 .
One fa*tAh’de‘hes‘s {H‘:: §>O or §<O cam be test by the. funchion:

A
M where : A-r :FR-FL_ 27(?-:—;(7-7:)

2¥2  KiPs +HK3 | KaP: '
M. n-4 nn-1) " nZn-1)(,|-2)
K2 ,Ps are the sums of prducs Ofa.u pairs of row sums amd clumn sums;
crs

) K3, Ps ame similas sums of products for all triads of sums.
The erteal value, Zy , s talen fom TABLE 1B,




w Nominal-type vaxiable s 73

vavrlable 4

COYI*(INQQMCU (4) (2) (;) “eo (P) You sums
table kxpy @ = 20,
= 0.
o @ [ 120
5 =[___]20s
Bl ; 3

5] §: 1 —
D, \(: = [ J50

= )
(Eﬂa::‘a:‘::d:;::eg {/t}:‘es N = = " -
colmnnms [T 1 LT3 | Grand sum

F0.q 20 2D - ‘ZO‘P ZZO"J

Di; = observed number en somples showing state ¢ of
4 variable 2. amd sfﬁyj ogd v«oﬁb.bte ’:L',

Eij = expected number of such somples (f there Was ne associahion
tieen the tho variables (e, if the frequency was due o
ramdom chamee), calanlated as:

- 2 0. ZD.' (sum of row L) (sum °(coL4mn3)

By = SiEm 3

D;j = the difference betueen the chserved ond the expected [faMDM)
frequemcy: Doy = O -Eg

The sigmficance of +he association cam be verified by tno-tasl

ckt'-sa,um test :

x? = ZD5/E; | i DF = (k- DG~ )

The ol value, X7, ,, is token fom TABLE 4, If X2> Xj,,
the null hypothesis of non-assecdation (Ho: A = 0) cam be rejected
wibh (A-)100% confidence 5 otheriise, Ho camnet b reje cted .
Note: When n< 40, or when one or more 0;j<10, the Yates
correckion s used (n the test formula:

x: = Z(Dij ‘O.S)Z/E‘:"
omd the enfical value, XL, is taken from He same TABLE &.
Peaison’s contingency coefficlent ¢ =\X2/(h+X2), wih values behween

0 amd 0.8, allows Hhe “strongth” of assoastion + be assessed omd
compared tth that of other dafasets (possibly inelving ofhor vaniables)
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@ Analysis of multivariate populations

@ Relationshwp between a varizhle amd several other
voxtables: multicomelation amd multiregression

This is o pacametric amalysis of o. population involvingy several
quantitabive varisbles, whee the focus is on o Wnear dependence
of one of them (y) on +he others (X4, X, X3 Xp):

g = £ (X5 XX X0)

TR, R
i f v o *sariab . '
”Deyendent" Wnable Fﬁ:\dc ‘:ﬁ%«"r’fe’; Ifes!aj' tonshtp
The analytical issue ¢s similar to straight-Line rearession (p-€ ), buk
tnvolving more tham onk (ndependent variasle. Closed data. should be
» Multiregression tonscormed (see p-€3).

The ltnear mubtiregression model:
. i Y = Xyt [, X, + Xat oo
o eilnated s VERTY p:. 2 ﬂs 3 +/3PXP + A

The sample population s in the form of the. following date tuble :
Variables
) X4 X3 X3z ... ép_‘

9 118y Ky Fae Regeocp Matrix n xp
Kop Mga il
$2| Y X Yo Xoodap| &S
l; 3| Ys Xy Xzz X33 Xep|  mea ured in n samples,
wi: oo : : : Regpud re mew::
n,l Yn Xnt Xnz Xpz - Knp n>p

_ 2y ZIX, ZXy ZXs = ZXp .
whece : Y; = the wlue of varible y measured o u:m‘ple §H
Xy = the value of variale X; measwmed (n sample. -
The medrix (s tamsformed (who o medni'x equation :
Chopmae—s 1Y1 = [X] - [B] G pdist o
n x4 n.aQ(PH) (p+)x4 Extonded mohrix [xT;

that (s, all the x-valve colums with
o column of values 4 added ar the last.

fom uhich: BT = ([x1% XD (Ix7%[V]) »

's found, and its values are the rggression line's coefliclents: g;-
[B]= [

This caleulato :

-For‘s«cbaj:i— Fé{r}d" m%a’r@-&e&: nﬁ@ sk sguaes cevonion _EP_




m Multvcorrelation -

The coefficient of multccorrelation ( Tin)> o5 an eshmate of the

Icnear reloatibnechdp betueen varisble | and the other vanbbles
(%45 Koy %35 o Xp), Us caladated by one of te following formulae:

T, :»VT); (3:-5)2 Al > (we-GF Al FzE
2 (y;=g)* > (gi=3)r - (-1 S3

khere : g.; = the values of g caleulsted from +he regre selon formula.;,

g;-g; = are residuals (z), Similosr 05 used on p. 64;

s% = the vaniamce of vardble y;

othec symbols a5 used troughout the. Text-
The meardng of the coeflicdents valmes, —4 & T € +4, s the some
a5 thed of the Peawsonian correlation coeﬁ&hbut (p. 62)

The @\;MML of Tim Us used {o estimate the regessbn Lte’s goodness-
Ll R*= 1,2 100%|  coeffiddent of determination

m Suwenh‘al multdregresston amd multcorrelafion
The multiregresalon and mulhiconelation ane often performed n
a stepuise manner, by linking the dependent variable,d, with
successively mare of the. indeperdent vamisbles:
Step 4 y =& (xq) — Ry

2 Y = £ (X4, X3) — R*
2\?1; 3 \J = g(’(q;)(ux,a) — Rg'

s{_ép p Yy = CC)Q)XZ)X_;)"‘ Xp) — R;‘
By comparing the successive values of Ri— the yelaAive influence of
the endivicdual indepehdent vaglables on, y ts estimafed and am
optimal. mudtiregressbon model cam be selected .

® Cluster amalysis and dondrograms
Thes 05 o method for numedcal dlossification of samples on the
bosis of varishles (Q-mode), or of variables on the bas(s o
smtp(zs (Q—mode,) .
Frmv the data. matrx [X], an affinity matrip Ef‘,\] for Q-mode
il pf] for R-made (s de;:';‘éd, ond the.  affinity coeflicemt used, 3:.:,',
05 either & measure of similarchy (55) or o measure ;;f' f:paxonomtc.
distance. (dej)- The method (s pon-parametrie, unless eavtson,
¢orrel ztion c:‘oefékdw(: LS used as gaj, puHai!Md in R-miode. amelysis.




Variables 76

Sq. e Ka e X

L X‘H X1z X13 ?,,;L ‘ Da}minb(e(mﬁck)
a 2| ¥4 %oz X3 -0 Xzp
%’ 3| X34 X3z X3z - Xep | _ [X]
N . . . : nxp

n| Xng Xaz Xp3 o0 Xnp

The vaniables may be o diverse types, measwred dn vens different
unts, hence the dafr Bble s usu standanidzed af-He eutcet
of Hhe amalysis. Fadr column is arlized o5 fellows:

Mot = Kat
(.x‘i)stcl - ':S . .

where: X,; = poetoulor wlue tn column vs )?,‘ = the mean, value. o
olwmn L3 S0 = the stndand denadion o€ column t.

The defa W!’S re.calw'{,a:(ed, (}.S()ﬂﬂ oo Fofma 'FO"' s‘:J or d'b‘d
(see next page), to obtudn one of Hhe Lollowdng madrices:

FOR @-MODE ANALVS(S FOR R-MODE ANALYSIS
Samples Varlables
1 2 3 ... X 4 X3 X3 P
11Cu Sz Gz - Cn Xl Cu G CoeeGp
_§ 2| Cy Cae G3 -G N XZ Cyy sz Cyz - C;_P
e E : : . . a§ . E rt = 3
NSy Cne Cnd --- Chn P CP4 sz Cp3 --~Cpp
- [Q] - [R]
nxn pxP

A wide rzmpe of possible. distance (clis) ond slmdlardty (siy)
weflidenks com be used, amd there (s aloo o range of methods for
the gruping (clusterdng) of items — whother samyles (Q-mode)
or vindubles (R-mede) — on the basls of ¢hese coeflicdents.
Therefore , e ove momng “methods of duster analysis, ond the_

tesults for the same dotn set™ may diflec maredly &om one to
anwither,



Distomce coedbdcdeuts : &
¢ Coe,{-’&lo}e_w(' of Putagoream distemee

4 %
Ld" z [ é (Xcu'xjk)zjyz = [_éLAX,fJ :

Xz_.-_____:_____ 'j
Aax, ; I ,
- I
______ . \:\—-—d-’h(ﬂx’? +AXE) "%
e :
: ]
1 | »
AX 4 X4

o Cocflidunt of mean taxoponle distance (or the Cagn-Harison
meam chevzcher atds-famce)

dj = PZ [Xce = Xjie| = -—k |ax,|
=1
o Coeflichent of Camberra. taxonemide distance (or the Lonce-

Willcams Camberra metric) ;
dtl "Z le(, XJ‘(LL Z lAXkl

=4 Xl + XJIL le=4 Xole + XJ

Similany ceflicdents
o The Sgrensen sinulaadty coetf)clout

The smallest coordinzde

. 2 . { min (XL, le«.)f on X4 - oX(s
vy = = i
X . The smalle st coonlingte
é X(.ll, + < X)k gy xz..a.x“s
Xo 4-- - @;
2 i 2(2 +3)
l A g\' - = 40 = 0 ‘146
6 : , W @49) +(t0+3) 24 T
' L.w_ N, e
Qﬁ o e . oo i nedes ooonima,tcs
I % of L of
3 | ; -
| !
\ 1
\ R 2 ﬁr
10 X4
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Thi's coeflcdent [see p. 62) Ls commonly used although if relies on dustributio normedity
g +‘° ) . e 9 bl gt el
- For °C=O, VZJ = i

/ For X=903 rey=0

Yy = Cos /

/
-
/ ,’
S
ol S
—
-
i

y _ -
.

-9

ENate.: Othes comelation
e P amtS , Such ak
Speaimam's Y or b

- Kemdal ‘s Y‘k ) CM"J&

used o5 Si.

Xa
o Similarcty coefbicveuts Hor classification op somples (Q-mode)
A Nt‘de ranse og SWJA s uced t‘n pahgpnﬂbkad i SWPhS

/
/

Example data.;
@ | 10 20 | N5, =6
S| 4 42. | Ns,=6
S(cf| = * | NsCc=4
R | —~ A5 go\ = g‘i
< @©)| 32 15 290
2ol 15 | ¢ =10+4 41544230
I (3) B o7
[ 1 1
Symbol defdmetdons: SUM: 64 20

NS4 = toted number of species in somple 4-;
NS, = total rumber of species In 2.;

NSC = totad number of speaes common to both samples;

C,h = wwioge in sample. 4 (C{v’rol numbsy of (nddwdmals Coun‘l'ed)}
Cp = oVeEsR dn svmple. 2. fotol numbey of. tnddwduals cowvfcd)-
c. = total wveiage. Cemmon to poth samples, using +he lonpest vbl:‘Q

Jaccamd’s wefficdont of communeld

«w . NSC s -
SLJ = N51r‘*‘N$a"N§E S12. —-6_%5—:2; = 0.50
Jaccamd’s coe fficient wesgted for coverage :
o C =30  _
Srensen’s coe fhldent : » .
‘e ZNSC S..= 2’ 4 = 0.%5
Strensen's coe fITont weighted for overage:
2C L. &30

ol =

Cq + Cy

S12= Zivzo -0t
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. NSC e g
SG = NSC+ Nsq e Mg =m0
Dice’s coina'dence cndex :
2NSC

sig =

- T’L .
maokchng we fhiclent -
NSC + NSA here
S¢y = TNG NSA = number of speles absent in
both somples, but present in
Buser’s coefficdent: TNS = Soht jumbse of species
c.. - NSC-NSA +NscC presont in e, b Enanpies.
“ 7 NSC-N5A' + NSC+NS;+ NS,
Legendres’s similacity coefficdent:
gn = 3N$C = 3' 4’ -
. 9T 3NSC+ NS, TS | 127 3hweee 0%
Ochiar’s wefficdemt of hoseness:
NSC

4

= S S ee— xo~
((NSCHNS NSC NS,y | 1 VEre)(asd) qo

The values of di— amd sp'~tupe e fedont 'n e ramge
-1b+i.prejef,M Ype f& S are odh in qe of

are. sometimes nwltlplled by 400% — chue
for ona reason : to make smalk values be)H'e(P'Vl)Sl“?é—" en d,l)gz)%a\l,g\J

e plaay (2.9, SUj = 0.0012 may pot show CE onby two digois z.fhec
He deawmel pounk axe OL)SPMQJ/'ML‘M‘BJ, g;d maxy thws be tzleen
mdstohenly for S =0.00; cf multdplled by 100, o+ mll ke S = 0.42).

Clumstering methods

Some of the commenly used J«As{‘e«rdmg, medhod. are. dewmon -

sheaded belou, with smell-size_ dafs. mafrtees [d“j] amad Zgﬁj]
as colanladery exam ples.

e The neorest-nedyhbour (single -lnke) method
s methoel Vs sudtuble for both [SciT amd JdyT maknas.
The cfems 4o be Austered | uhether Sa/mp(-es (Q-mpde Wa«}@)
or vibbles (R-mede. amlysls), are gowped prgre.ssiveln
accodlng 4o the simlacity/dishmce bt Hhedr closest nedghbowrs.
Eah 3\‘ep o e Meyec proa2-ss reduces bgotw. Ve mumbe,

of dhems . AS groups are foemed, the similurity/)stance befem
them s defmed w“?#m ww)(o.n‘(y/d;sw botreen théir nearest members .

Soleal- M chener’s

NSA — as above

Sij

1]




For example, suppose the folloming matiix [di], inwlng 8O
fove tems, s 4o be clustered.

A Z S 4 -
0.00 | 0.02| 0.06 | 0.40 | 0.09
0.02{ 0.00 | 0.05 | 0.09| 0.0%
0.06|0.05 | 0.00 | 0-0¢ | 0.05
0.40|6.09| 0.04| 0.00 | 002
5| 0.09]|00%| 0.05| 003 0.00

Ttems 4 and 2 are Merged. (d“_:du = 0.02, whdh vs the
smallest ddstance . the makwx) and He dichuces bebveen Hils
gronp awd the Hmre remedning ctems gre recalculated as
followys

L W S

d(4z)3 = M {dﬂ’ das} = dzg = 0.05
dp) = minfdy,,dut = dy, =0.09
A("L)g = mh {da:d&s} - dzs = 0.08
wich goves o new matrix -
(12) 23 U S
(12) | 000 0.05 |p.09 |0.02
2 1065 |0.00|0.04 | 0.05
4 | 0.09]0.04 | 0-g0|0.03
s |0.03] 0.8 063 | 0.00
The smellest djj dn Hils madixc s d o =0.03, and so ceme

G omd 5 wre Mér ged W o- second gmu,lo.’l'}«.o.uldsfmcer ALy
become

d(4z.)3 = 0.65 (ar hedore)
d(az)(‘tg) = W{dﬂ, dys, d%'d2$§ =0lgs = 0,08
ds)2 = minfd, dyst = dzq = 0-04
ind thenew madolx ds: () 5 (4s) |
(2) | 0-00 | 0.05 | 0.08
3|0.05|0:00]0.04

(43)| 0-08 | 0-04 | 0.00
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The smallest djy mow Us dg(é@ = 0.04, and s0 Clem 3 (s

merged with growp (4S). This Meges completes the C’/«(—f'{'ef%,
becamse He mabdx becomes :
(2) (345)
(12) | 0.00 | 0.05

(3s)| 0.05 | 0.00
uhich means Lo groups Wnled (b one ok d@z)(% & =0.05

lovel . The resulting dendrogtam , or dioarmm displasging He
result ol Hhe. custerdng , Vs mo,urz, betot?-

0.05 |

d;;

0.04 -

003,

0.02 »

0.01 -

0.00L J» 1 i» 1» 4
! 2 3 4 5

Items clustered
@ The farthest-necghbowr (complete Linlcage) method

This method (s suctzble for both [diyT ond [se5T maties,
and exactls opposite of the single-linke method, Cn Hizt
2. disfemce behren groups (s now cefined ax the disfzice
between Heir meost vepote pasr of members .

Swppose we apply Hus method 4o the matrdx [diy T fom

pvt?,vt}ous evamtple. e beglfn., as da the pnzvc‘ouc mea%od,
by merging the tuwd closest ttems, 4 ond 2. The  distzmces
between Hils grovp and dhe Hire remaindng ifems ave obfacnel

as follows
d(42,)3 = m&)({d,(g, Jz_3§ = d‘i% = 0,06

d(n)t = max {dy, dy,} = diyg = 040



d(d-’—)s =AY {dw / 0‘;53: d4s = 0,09 82

The flazl reswl (s the dendvogram shown below. AlHough He
result is similar to Hk oldedned by Hhe single- LWike method

(cf. previvus paye), sudh (s not always #e case .

o.40 L

ais

0.05

imEEl

! ? 3 4 5
Items clustered

@ Ce/m,f'rot'd method

Tivs method s suctsble o bote [dy] and [s T matvices.
The groups areconsideredto We . Euclidean spase , and are
roplaced on fxmation by the co-ordinates of ‘Htedr centrid.
The distance /dwwgw&bd\-'m groups s defined as the
dietamee/somdlem ty the gnup controcds. Groups sl
the smzllest- cistance , ov Wphest cymidlznity, are merged Erst.

For example, suppose. the Eollowang matix [dcs1, pectaining
to five ctems, (s to be clustened -

L S Y, S
1 |0.00|0b.01]|0.29| 0.50| 0.50

2 |0.041 | 000 | 0.26 | ©.49]| 0.5
3029 ;Zé 0.00 | 0.05 | 0.13
4 | 0.60 [ 0.49 | 0.065| 0.00 | 0.04
S|0.50|0.5%| 0.1%3| 0.0%| ©-00

The first-to be merged are clems dhat ane closest, which mezns
dyg = 0.01 tn e case. Ttems 4 and 2 ane Yius meged anel
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Hie controcd of Hws gnup Us computed. The calculzdion op
of the distamee. betneen group (12) and ctem 2 (s: Princeple, of 3
2| _ 2 2 2 ¥ centroddal
d(42)3 [T;-M,_d‘l‘é * ;«T?‘%ﬁ‘z_dzs "' (%gd;] - drstance /
where: ny, Ny — pumbers of Clems tn. “groups” 4 and 2 /!
(hich are. ny=4 amd ny =4 2k Hul 0‘"3 s{_aeer ¥

4
and Hhe newy matrdx (s d 'd(m "
1 3 4 < d"(“)' 2(12) = Ny i0p
42)3 replaces ct,;&dz::,
(12) | 0-00 |0.2725|0.4925| 0.5125

3 [0.2325| 0.00| 005 | 0.42

4 104925 p.05 | 0.00| 0.04
5 10.5125] 0.4%| 0.0k | ©.00

The smallest d[j wory t's d‘ls = 0,0L,) amd t‘(‘ems clM‘kJ S axe
médxged to form 2 second group, it Ofs membes Yerlw by
the co-ordinafes of dhe group cemdrotal.
(12 3 (45)
(12) | 0.00 |0,2225]| 04025

(45) |o.4925 | 0.0% | 0-00
—M SM&u»eS‘ dl‘). NN “s d

: = 0.08, and so ctem 3 (s mer
wrth group (45). The lag ,fe(;;g,?o— to mecge the tw groups, (12) and
(3as) o o single group.

“2) (zus)
(12) | 0.00 | 03625
(345)|0.2%25| 0.00

The reaulting dendrogam is shown belos (next page)-

A disadvantaye of- the controic] method s that- £ Hhe azes
of 2my tw groups to e menged are very doblerent, Hhe conbid
ok the new growp wll be very dose to that ef- the lager of
these gmups and may remash wthi thak group. The. propecties of
He smaller Vien virfu lost (ohlofevated).
E»djtermom?m‘i? oiﬁhm‘d n:;%jfbﬂ even oqi(moddﬁed {x)oremﬂer vf

L

growp svze , Cs t‘nqompah'/vle, with sudh mezsures of
stmlanty as conelzibn coe ffewents (pprtlenlarly Fearson’s ).
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1 2 3 4 5
Items clustered

® Fair-group method

s methodl Vs syitable for both [dig] and [sgj']chs.
It (s somewhed similoy b Hie previous one, but s p:m,(cl\‘
less dependent on group sVze. The cfems are grouvped (n paurs.
Suppose the following matrix [Sey] pectuining fo six ctems,
s Yo be clustered. Tn HWs example , peaamem s Ys has been
used a5 coefficjemt™ Sy, hemce Hhe posthve and r'lega}dw. values
O the matdX, amd the 4.00 valuyes en its maun ddagonal .
4 2 32 4 S ¢
4.00 | 0.5% | 0.42 |-0.65|-0.62.|-0.39
0.5 | 4:00( 0.46 |-0.79|-0.72|-0.32
0.12 | 0.44 | 4.00 |-0.58]|-0.61|-0.52
-0.65] ~0.39|-0.58|1.00 | 0.66 | 0.4
-0.62|-0.32|-0.64| 0.66| A:00|0.40

6 |-0.29-0.22|-0.52]| 0.91| 0.40| 1.p0

The highest sy (s S,c = 0.66 ond Hhe next hghest ’s
Sg2=0-57. Tlems 4and 5 and fems fand 2 are the first
pares Yo be mecged into groups, and Yhe madx Os recaludoted

as follows: 0.42 + 0.4,

2
St)as) = 1:%6)5>+(—o.sz>+ (0.29) + (-0.32)
Su)é = o290

| T

O.00

vJ T W A

( =-0.70
+(-0.92)
5 = ~0.55




-o.58)+ (-0.64) -

Sty = 5 0.59 85
0.4 + 0.40

amd the now matix (s:
(12) 3 (45) 6
(12) [1.00 | 0.29|-0.70|-4.55
2 | 0.29(1.00 |-0.59|-0.52
(45) [-0.30|-0.59 | 4.00 | 0.44
6 [-0-56|-0.52|0.41| 41.00
The next paidrs e hdghest- Sty e Sy =041 and

8(42)3 = 0.29. Tem 6 's s Iﬂ:ef‘%d wWHA 8)’[)(}.? (‘15) amndl
Ctom 3 wdh group (12), amd makdx ¢s poezlewlzded as Lollorss:

(-0.30) +(-0.55) + (-o. g
T ¢ ).4: (o.59) + Cog2) _ pEB

(423)  (456)

(123)| A.00 | -0.59

(a56)|-0-53 | 1.00

The resulting dendmogrant (s shorm below -

1 2 3 4 5 6

T LI ] L

05

00~

-0.5 -

=10 ,

The combinatlon 0@ d«)W COQ?A)C(M'S dc‘j or ‘S"'J. with
defferent clustering techmwiques provides z. wide ramge of
methodls {or cester amalysis. However, doflerent method s
generally give different results, o is clUustraded by Hhe
dendhgroms on Yhe next page (same example as zbove, anzlyze)
by ddfg&m«t methods; the six tems hawne been relabelled as
A,B,C,...G); compane those readts mih the dendregmm above.
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Dendrgrem constucted with Pearson’s comelzblon coe fdcdond-
as sy omd 2 wWedghted parr-growp method .
:Demlm mum Constucted Yhe
® using % d )nwe ab"bf szme clusten'ng methodl, but-
@ Dendvogam consfmd'ed with Pearson’s comexhbn coe flickonkt™
as Sy and the SLQ -Uinle cws*eang method.

.P&wlvvonwn constu Peayson's correlation coe
as S and an unweghted W&gms mo_%oalo{br dusf‘enng.

The differences ane. due to different;
de tm ns of Hwe “closest” 5(0(/,?5 tn

ewt clusterng techndgue s (see

; Mw&v %ées&ng ot sl dus iy
ns of "s'milanty /distance
s The didagmun to the left shos three

fa,mples (A,B&C) compared on Yhe.
EhaleS  pss of seves vwzmpmsw m

each of Hiem. Samples A and Bm
stongly comelzted ((wgh Yag), buk

ave sepavzted by 2 Luye dostamce tn
e vamable space (lwge dg wzd&mpkc

B and C are negafively comel :
Tpe Means hih dissimilonity), bufme
close in dostance. (low dBc)
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al_component (factor) analysis
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@ Disuimination amalysis of two pooulations

The caladatory procedure (s shorm here in the matr'x form.

We have twe dats sets [AT md [B, representing +no genc ol
P°17"d°‘h°h$ [ot] amd [P)L weth p varlakles mezswed in each

sample.: 2 . N = pumbes of samples
AT =i o sl
= [be m = pumber of sam
Egl !%,,(,‘:\] {psmmtero{-wnhfel;w
The come sponddng meam ve ctors amd mean—dcﬁ’evmwdvrm caleulated:
@1 r5'1 A,—b‘
- &'L - 6 - - a-Q bz
L R 3 - B e O it
px 4 23 PX‘ : PxA .
%P By | ap-bp

and e {olloping nypethesis is tested :
Ho: [6;] = [3:] T -tail hypthesls about the genesal
Hy [o€:] #[3:] poewlahons mean vectors, estimaded
YT fet" &tnd‘bon [a,.,] ond r_b ], re:peoh)ng

F= nmn+m-p-4) Zé d% (&~ L)(&A-b) with DF=n+m-p-4

Pr+m)(ntm-2) =1
The. enflead \AJM.Q F&o(, os Talcen fpom TABLE 3.
Note: Only (£ Hy has beon rejected, cam the e populattons be consvdeced
sepasable and further MangJe cam be per((:rmed
Tha combined (“posled”) vamdance-covanlmce. matris ds colcwlated for JATand

[B] - o md‘n}cd W)‘
[€] = [e4] 3?4« b o diagonil
Pxp pxp coviw < owt‘do‘e the. diagonal .
whdek Vs Lucther nverted :

[%T‘ [d‘ﬂ
amd used to deqve -H,p_ (ou,om‘/vs p coefliclents :

= 2.0 -b, hich make matrix I:“Z'z“]
= tet 4 2 ) ’:E s o(- H:Lomew J«’a’%ﬂo@-

The ddsod mdnant :@ﬂgﬁmﬁ_-{or mpwﬂng [oC] mv.d [F’] (s

LD= WaXqt+ UWaX, + WaXa + .ot WpXp

and Ots diserim rm.hng Mc: Do = —~§: Wy (& + bk)—--—[[wk] [(Z:]+[b ])]
D‘vo.m vs u.! il LA f"‘

abfeloation, I€‘.D>’D°, “the. rampk o o%gwl' +o wwm [<]5 Hc.liww: and addup

0f DLD, , i Cs clossified + population fead S







m Runs- about meddan (RAM) test i

Anpther version of runs test, ot sonilar procedare, byt
Wit the successive defa vzlues bedny oom»pmed With the
mediam volae of e uhde dats serles (for definitbn o
medlam, see p. 48). The resuhting bi'nawy senles will then
consdst of n "plus” and “rpms’ signs (AAPM% on
whether o gdven dete. veduwe s lomer or smaller then the
mediem), omd dhe doserved number of runs ¢s eveduevted
L‘n, an Ma,LogouS NaM (Jee P 3‘() boHOrVD.

This ﬁ:ﬂ-q@wes on the occurrence o\e dusters o{ data
thok erre lorger or smaller them the meddan value |

(Some. awthors use meam , instead of medam, but dws renders
e test senulpwamdrdc,)

— Exercse ( simple runs test, p. 9%)

Stowt of data series

+

C&lw.lai'e: Wws=
n =

Conclusion :

Sequwll- O{ 400 grains
(n & peamatite

feldspar: ng =64 4rains
W&z * Ny =3C grzins

FRAFQRRFFQFQFFFFFFFQRFQRFFFRFFFFQFFFQRAFQFQRRFFFFFQFFF FFQRRQ)
FFQRQAFFFFFFQFQFFFFFQFRQFQFFQFFFFFQFFFRAFREFQ

E’nJode.m‘es




m Kendall’s twrming-points test 96

This non-puametnc test (s conceptuatly denticed to dhe wp-omd -
down runs test, The data in the series {X; § are reglaced woth
X0 > Xy Xe<Xi-1 o pthendse, x; ¢ ' 0.

ol {xc Sxpes T L igexad 3 L X ST
The. dafo. secles Huus becomes binary. An tselated 4 represenfs a

“turndng pntl The total numbec of turmng points (s counted
(To) omd the. meam number of durung poiuts expected for o omdom
sonves (Te) O caheunladed | togothes 1idn e shndard dewasba
(S3) for Hus mean:

— _ 2(n-2) 1bn -29"
Te = 3 S = 90

where: n =“Mmb9f0@ elomemts ¢ Hhe binarized serdes.
The hypothesis tested in one-tadl versbu Us:
{Hoi Toﬁ?e, Toé:r-_e

He T © TR
omd the test Lunction (s:

|To —Te || «—— absolute difference
ATy
=

The odtleak wlue, Z,, is talien Gom TABLE 1B. If 2> Zy
Ho Us reected it (4-0)100% confidlence
W Fisz’s median-orssing test

An alternative non-parametric test for o binarny or binemdzed data.
serles. The data. series (s binarized wibh the use of mediant
valwe (see p.A8), X,o= Md. T€ w; Xpms Xi IS replaced with 05
uf XeDXm, Xo vs mplaced wth 45 amd € Xc=Xms no volue (s
glven amd this X¢ ts disregared.

My = the obsered ®otd numbsr of cases uh&e ebther O is follaved
by 4 or 4 is followed by O.

Mo =.1 =1 | Meam numbes = A
n = totad number of elements in de binamy sedes.
The. one-tail hypothescs s : ‘

Ho: M°S_ﬂ.e' or Mo>/£4-e,
H1: M0>Me M0<M€,




The dest funchion Us: 97

| Mo _ﬁe, < obsolute difference
= 55
omd He et volue , Zoo | s fom TABLE AB. T€Z22Zx,

Ho ¢s rejected it (1~ )oo% wonfidence..
| Gold’s length-0f-runs test

Also Hus mn—pafumef‘fﬂ'c test uses median value as o req@(mco,

A “runlengh”, L, s defined as the numbes of consecutie daota

i dhe serles thak are edfber alk above or 2l below Hhe mediam. .

The tetal mumber of rums of evews partiudan lengtu, Ny 5 os counted,,
and te wrresprding  expected meam numbec of runs for o andom serles

s caleulated :

n+3—L
21.1’4

NL(e) &
The fest \de'lfon,TS:

L max 2
xt=2" (NL = Niy)
fad NL(e) wth DF = [,y =4
X Lm,o.x = the. moximum fun leng\“h th the seab,s
This ts o- one-tagl test, omd the cndhleak vadue., X5, v tlen fan
TABLE4. T&€ X?2 X%, +he null hypothess of senjes ramdomness
Us rejected wmte (1-a)co% confidence..
B Meacham’s ramk-difterence test

The values, X', dn the dota serles are given ramlis, VR, udd,
the smallest vedur being assigned ramle VR =1, the next being
a”%m romde VQ-:Q., efr. The fo“pm’nﬂ stiblshe s cod e lzded :

n
VR =Z }VQL'—VR;,-J
i=2.
whee: = Hhe succesalve number of value X (n the senes;
n = the fotol mumber of x-values b he seres;
VR = sum of the absolute values of ramk dofferences betrreen
He successive  X-values. . |
The expectod mean WRe, and its stamdwl deviahion S for e
ramdom sonkes are cal culafed -

S | =i 0n-3)
W = ! 3(n F 3 =‘\f 30 -




The test funchbn (s: 98
Z VR — Re | obsolute difference

SR
and ks oroteal wlue s telen fom TABLE AB. I Z > Z .,
the mull hypthesls of senles randomness (¢ rejecied e (4-ct)400%
Cbn((‘dwce-c

Note: T¢ o e occurs in Yhe ramlung (X = %), & mean ramle
is gluen foeach of these X- values: 4(WR; £ VRY,)-

m Hurst’s statistic (rescaked range analysts)

The Hurst shdisdle , K, (s used to recognvze. the deyre of
clustertng, or growping s, of low amd hdgh x-wwlues vn Hhe
defo. sexves. The sesdes showld be long, n>400.

The defo. senes {Xd§ LS q‘-’v)rS& conveted Jnko sertes { (03)(,;}
by replacing each wlue wHe Cts logarctum (luse 10). The
Meam (YQ ok standanl deviation CSL> of s Hunsdrmed
sectes are calculaded, ond e senes s ploted by using

He cumulative uncé devlatdons fom the mean , (X- X0).

20q —=m==egmmT =5 A= ==
10 / /\' T r’/ ~ \
/} \ 1'21, f/ /‘\ / \\_

0O -4

“W~ T T T T T T T T NN T T T TN T T T YT T I

1Ry Data onler in the series n

R, = fle maxi r cwmulative depavtwes fom the

7 e o e e
The {ollowing relationshdp holds : Sy, ~ NN, W
coe&‘ﬂatmﬂ‘ h s a IMV&QE‘L pwfa/rhed'gkf/e;{:dmw’bd M{M&‘"
stadlstie K. TE He defo. seres (s long (n>100) omd spams
savoral dusters , then R.L/vn,h amd h (s e,xpsded 4o ke
betazi 0.5 and O.8. The wlue D =2-h s the serles
fractad dimension (expected to be betreen 1.5 and 4.2).
The. Hurst stuhistic s calalated as:

K= log (R, )
log (n/2.)
A long random (Cheotic) deo sertes 5 expectad 1o have K=0.5.




Values K>0.5 indicate o. serizl dependence. bl means -
a fendency for high amd/or lowv values to occur in trregular
dusters, or grupings. The IK-wadue. com be used +o quantify
omd compane Y degree of lony-teem clustedng /n dffesrent
serles. K<O.5 inddcates anticlustering (reguhaely -sparced alaﬂ'a)

©® Tests for asymmehric trends (n data series

R Speacman’s raml-correlakion test

The elemands o Hhe data serdes {Xck are given posihon rmks
(PR) omd' value. romks (VR), as shoum in the. example belows.

ixit 9.61 525 635 6.30 554 4.2 025 424 0.43 1.4 0.24
PR: 4 2 2 4 5 ¢ 7 8 9 4 u
VR: 1 94087625344
D: -0 -~ -F -4 =2 o 5 3 ¢ ¢ 10
uhee D is the mle difference : D =PR;-VRy. .
The sum of squared dofferences (s cal wdated Z'Df' =424,
ond -the corelaton behieen VR omd PR s estymted by
6 73: DE Speawmam ranke~correledvon.
Fss = n(n%- 1) C%\efe‘)a):‘t’" (sce p-69)
uhere: Nz number of-dofo. in the sorjes AR Tard
Tn e example obove, 1g=4—~-L2129. 2 0 977
Since the PRs were sek in am ducveasing onder (4, 2 Byevi s
2. nepative conelahion inddcates 2 decwasing trend of
x-values. A pesitive comeledion in such a case iwuld iadocate
an inaeastng tread of x-vedues. (PRs can as nell be setin decreasing oder,)
The signdficomee. of correlodvon com be evalusded by testing
o one-taul hypothes)s :
Ho: %>0 . $s<0
Hy: @g<0 ¢s>0
The test funchion + (s glven exlier in the text (p. 69),
I¢ & 24w, Ho (s reJedled 1dth (Aot Mo% condidence ;
otheqvise, Ho commt be rejected.
Note: There can be no ttes in Hw,.?ﬁs. But (£ Hes ocewr
i e VRs, the formuda for 15 is slightly more




100

come,"cafeJ: n
Ts = Epa + e —EDE‘
ZVEPR.'EVR A

: n3-n 3. 3.
where: Em’-“"‘"—"’ EVR.'-"'QTZ&“";Z s

n = totad number of ele.ments (n the dfuta senes,
m= tolad number of elements tred aceonidng to thedr VR.

m Kendall’s rank-correlatibn test

The elements of He dadn serdes 1X:§ are glren value ramles
(VR), and the ramle of esch elemet s cormpared ith He
ramles ‘0,8 ald m%w dements in the_ seddes, For each
Comparuson. , a negardve score (VR, —VR: <o for le>te
o Posl}Hve scove CVQk - Ve >0) LS obfa.inz;. The. L@,Ld;?:;e-
latlon. coe fflcdeut is calccleded as follows-

Suy — S
i~ = ) &) — <
L K n(n-0/2 W
where: Sy = fotad number of pospfive scoreS;
Sry = tofad numbe, of Nesatlve scores;

n = ‘éo{'a/l- ’IM.MI?W 04- dats. v +he sepdes,
If tes occur, the formulz is sWghtly more complicated :

Si) ~ Se)

Ao =
NS HF S sy +Sg 4T
where: T = total number o he “additonal” dements ted, for all Vis.

The. signilcamie. o} coelechon con be. evaluadel by testing

o. one-tadl hypothesds:
Ho: 3,<0 _ Sk>0
Hy? Sk >0 Su<o

wdh the testdornuda. :

/ T2 (2n +5 B
z = Il /BT

wd ortleal value Z,, fom TABLE 4B,
3’ 2> éoc, Ho is rejected wille (1-/M00% confielence amd Hy




m The Moore-Wallis signs test A
The data series i¢ convected iato 2 series of “plus’ amd “minus”
su‘gn; CM tw dhe up‘cmd-dbwh runs 'teS‘f,‘>' Ths Mn-pa/mejﬁﬂc
test focuses on e number of “minus” stgns. Quantohies used:

Mo = He observed totzl number of “mdnus? signs ;
Mo = the expected mean number of “minus® signs cf the seres
was random (chaotic);

Se = stwmdanl dewation of the lader mean.

M
Mo = (n=1)/2 Ser =N (M FAL

where: n = toted mumber of data dn e serves (minus all ties).
Requirement: n > 12
The following one-tasl hugpothesis:

Ho.' Mo £ M—e MO>/ ﬁe

H11 Mo>ﬁe 22 M0<M6

ts wefled with Yo Lollowng test function:

| M* ~ Mel
i

—

M
uhee: M* = Mo - 0.5 ¢ M, »HMe

M¥ = Mo+05 @ M,<Me
The ordfcal value , Z,, s talien fom TABLE 4B
T 23 Zx » Ho (s rejected it (1-00)100% con fidence

omd Hy Us accepted.

Note: The sign of (M*-Me) has a meaning 0f Ho hes
ken vejected. Posttive slgn means o decreasing trend
Jhepeas negekive slgn meems am inoreasing trend it He

Before applying Hu's test, ot may be helpful to "Efelter” the.
onglnzd data serles woth a k-tem movnng zwerage (p. 103)
in ordec to remove “noise’y or ramdem vanehon componest.

The formulae (n such a case are as follous:

Me=(n—k)2| [Sg={(+i2| | z = ,M;:Me.!

whee: N = as shove
k = the onler of the OVLNY SNErAHR used, requared to
be k< nA2.

2
sen2s.




) 02
m Meam-sguare successie difforence test #
The daka series §X} for Hhis test showld involue a. quantiirtie
vellakle emd condzin n>20 data. The test s non-mrame‘f‘n‘c
omd evelmetes Yhe folloppng two-tadl hypothesis :

Ho: The dafa senles (s random.
Hyt The dafx séries s non-random amd shous

drend.
The tesf function is: Sk
|4 — Lk Tnstead of the mean value,
= < GJfM (Md) f- 18) be
=2 used b0 ronde; Hio test
N w274 fully non-parametre.

wheve : o By
k =2, (Ki=Xep) /2. (%i-R)*
L=4 t=1

The critical value s talen fom TABLE 1B. 1P [Z] > Zgpu
Ho Us rejected wthe  (1-)100% conficlence .

TL Ho has been rejected , a positive value of (1-11) il dndicate
3. long-scale trend or oscilledlon dw Hhe senles, wheras a nogative

valwe will tnddcate short-scale oscillations.

M The Wald-Bertram test

This non-pasametric test is for the comparison of two equal-length
data series ‘nwlving & binary or birarized vamable (series
of "zero"/rone" values or “plus’/ minus® sUgns).
The hypthesic dested cs:

Ho: The Hwo dzta sedles have Hhe same trond.

Hy: The twe serdes have sdgnmifdeantly doffoceut trends .
The dest funckion is He rato of inter-secdes sign musmathes (RsM):

RSM = oMM

where:  PMM = number 6 "plus - minus® mismafches
MPM = mmbere?'{—— "ﬁu)nis-ﬂus" mismatches
T¢ RSM#4, H, is rjected wth apprximately 30% condidence .

EXAMPLE @.’_‘”l

I3
e tzaGe ni= 1 ARERER
Ns> 4

R5M=% =0.60 ~




® Stutidical filtering dechnigues e
T the data series {x § Is assumed to coutain 2 trend amd a
ramdemnoise’ componemt™:

Data serles = Trend + Nouse

one can aktempt o remove af least some of the notse by “filtenng’,

of smeothing the dafa secles with & statishical formula.

The dafa sertes Us £x4 X5 X3 o0 Xp %, where the x-values

represent o. quantitzive variable., amd o. wide range of formulee

can be used.

M Moving-average techmigue

o e S R B 4l 1 3-term
xc P L= 3" v+ 4 -R)fMla
Koz Xiog ¥ Xemg 3 X0+ Xigq T Xi+2 .?-J,tn?fu
Ze= Xia ¥ Xieg € Xioq + Xit Xiog +Xiaz ¥ X3 ~term

rrnu &

?
Higher-order (9-tewm, H-teem, ete) formulae can zdso be used
@ He dadn seaes (s sufficiently long. Note that the hgher the
ordes (k&lo{ the fornmla , the shorter He “feltered” data senks,
Té I is number of terms in the formula used , He serdes will
lose. (k=1)/2 elements on ots edther end, or (le-1) elements

® é}m‘ai empinical formulae
Sheppand’s 5- term formula (le=5):
X =g [17X; + 12 (Xog T Xee) = 3 (Xop + Xr2)]
Davis’s F-term -{’ornwda. (le= %):
Ro =47 [ZX0 + 6(%oat Xia) + 3(Xeg ¥ X i) ~ 2 (o3t Xia3) |
Agterbey’s 9-tem fornula (le=9):
K = 0.3 + 046 (Xc-q ¥Xipg) 10,08 (Ko +Xp4p )+ 0.04 Xz * Xenz) +
Spencer’s H-teem formula (le=29), +0.02 (o4 + Xers)
X0 =ga5 [60X: +57 (Koo Xia) # U7 (Kip tXote) + 33 (Kes+ Xesn)+
48 (i t¥%0q) + 6 (Kis 1 Xirs) = 2 (Koot Xiopg) =5 (XKez 1Xere) +
= 5 (kg + Xeap)= 3 (g tXit0) = (Xogo +Xerds)

The amount o M 2N LANCR a Moot nd) and
He amount rﬁnﬁ?«e&&%n;se)‘ can b‘:g%ingi&edsz 1 { o)

Tvend (%) = S, - 400%
‘ (%) —533—1 )
Notse (%) = (58 = 100%
4

2\
_ SS¢= T XF — 2 X (originod cen'es)

whese. : 5 <
=5 X} - niT),-’_-:-’Zc_n (fottered serves)
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@ Auwtocorrelzdion methed (& %mﬂ{‘&h’m da.»\‘a.l

Dote. sequemce : %4, Xo, X35> Xn}
This methed s for Hhe reognetion of repetitiveness, or P@‘tov‘xaﬁd,
in the dake sequence . Avkocrrelabion wefficlent (1)) s
celedated amd ploHe,al ws a worrelegrem for sucee ssdve "lag" (L)

Vms ‘Y‘ [(h L)Zxc Lt thzxcﬂ.] (n 1)
[nZxE - (Zx)H] (L) (n-L- 1) lagmsd
Tn other form : Sxx  COV (X¢,XisL) |
! Sk Sx
~L(Z X Xeal) = ZX SR
S (x> Xt*'—)' = (n-'i.)(+'9'-" 1) ==
Fargn.veﬂl.
olth. ¥he Summah)on chamging o
5_7{;,, L=0, z;«u Z_jnforL-Z efe..
amd

n
n > xt ~(> %)

Hhe srdinamy variance
s% = nin-1) 5 whkh i6 of ;IL‘&& dafa. seqmene. .

E-xa/mpl,e data segunce : o seres of mezsurement of
vamable X adong o distance in space or time

X

n=2%
L=0

Q=N Wwdo S e

ace or time, ——p

Tn adtdcorre lation anzlusis. +he d - |
tts oun “copyr) —~ Mztjssipun M&ia;twle,ass Li.-o-o mpated 1t tself (or

S-Cka/\/\/\/\/\//
shift \/

Regron of comparison at lag 5




The PNW (s as {follows: The datze senes (s shi@ted 105
relztive t ts "copy ” s‘bep by step, with L=0, L= 4, L=3, cte.

At lag L=0, the sequence o5 idevklcad it ctselg (T, = 1.00),

At lag L=1, e compute He o cormelodop behreen elemedds
A,2,3,... (n-1) of thescwenae amd  elements 2,3, 0,0
of ks “copy”
AF lvg L=2, we oom'f‘-ﬁ""- He corelzbin behreen elements
1,2,3,..,(n=2) of the sequence amd elements 3,4,5, .., 1
o£ ‘:‘!’S "Cop*d'.'
Awd so on , erwl 5o o .
The wrm(carm ({m‘ L=0 +o L—‘-15> for Ve daka sequencl.
o s e)twmp(,c_ Je  showm below .

peck of hgh positive autccorrebtion
// (F«ifu‘&, L=9)

100

\\
N
t
§;~:
H

Autccorrelaten ( L )
<
]

‘Correlogrzwn -
plot of +he values of
l audocorvelzhion coeffo~
~tool Lt bbbt a‘w*ﬁ.-&vmccesswe
2 2 La.;(._)w 15 L-values :

Comelogrowms nelp to reveak the penbodicdhy of dafz sequences.

|
o
8

Ho! ¢ <O vone-taul" hypothascs
)l = 2 } on{:{ ;smti 2o cormel zdvon

Hy: ¢, <o for negzhie aubocomelzhbn

(¢f needed to be assessed)
ZL = l‘r]_l Vn-"L

e onbezk value,, Zo, taken fom TABLE 1B,

I¢ Z, > Z, , Ho is rjected wth confionce (1-2)400%
ofxd m‘.' (;wu:fhbm codm be regarded as sigmidlezmtr

o {Ho: g‘_ >0 } "one -tall” ‘vgvamsIc

Test funchbn :




o Cross-correlztion method (i quambitative da&a) 106
The. same method ae desmitbed (n #he previcussechion, bub now used for
the comparison of tw different defa sequeaces, in order
to fInd thedr “best-match” relahlve posdtlon (which we would call
vcomelahion” In Whostratigraphy , for exemple ) .

The. woss - correlablon wefflcdowt (TCL):

# + g
Vel ™ e (Xd,i 2 Xg,ieL) | elomonts of
8 "8y rospechively
stamd . dewation &f:qmu ¥ 4
vs cxloulated with the Roliodng &rawla « stnd . deviabon fr sequence 1

4+ = n* ZX,,-‘X,_;— Exaizxzi

cL

[* 2xk - Gx][0* 2xF- (5]

Xio ad Xp0  are the "oveslzpped " elements of the
b seamences (lehelled 1 and 2);

n¥ = number of He paars oﬁ"omla{)pgd“ elements .
hs before, the veluwes of T, for He succe ssive (29s (L)
@;{ Jdof\/\)gf(dmce um’no He ,&unmu:, +eat (:m hgpocH\ASQG‘
25 before,  previous page). The test funchion hese is:
(nx=32 "

= = n¥~
t = l‘QLlhj—Cz: i DF= n* -2

The orifical value b teken fom TABLE 2. T +3ta, Ho is Rjecked
Wen (A-0L)A00% condidence. omd He come laﬂ‘oﬁ is /dee:n'ed S«,‘am)@w‘*‘

® Awtoassocdation and cross-agsoctzition methods (or qualitebive variable)

wheme

Methods ammlegous to awtocorelation and avss-corelation, bk for
serles of palitahive data. In amtoassouzdton method :

N = totel number of elements in He serles Probabelity of
m = mmh;ro?f states (element types) inwlved - —» Tamdemness:
»n‘: = MA OCW(M(EG‘QL Sw'e, P . E =- Enéz‘-N
For each Llag L., the fellowing quantities ave calculated: NZ-N_

C = numbor "F compyrkonc (paA'fJ’ Compu'&!) . :
= rumber ches omd MM = ol of mismatcher Test:
’3 = yetio M;(;m —» plotted {;«“J gy "&s.sw'o ram? ng(M-n)z HHrW
Expected numbee of mokches dusto random chamce: = C- TR
Expected mumber of- nlsmadehes due to ramdom charce: M ~C(A-2) | . DF= 41



In owoss-assocdation method, one didn senes s moved wluhhe 107
to the ofher, step by step, amd ¢ each compardeon +he. followiig
values me caloulated (Hhe example beloct is o position 3):

EABABEBCEBDBE

CBAEBEABA B C B v\iN“mw of compansens = 3

so called ¥posction’)
N of masihes = 1
Qdio: 4/3 = 0.33
Tn Hws exampfﬂ > Sequence 1 (uppe() cnwolves 5 “states’ or categovies,
ol e wz‘u(‘ayue van)zble (A,B,C, D &E) and consists of n, =’l?-
elements. Seqwence 2. (lower tnvslves 4 »states” (A, 8,C 2 B and has

Ny = 42 elements. o
First, Yhe groeakiby of a match at any position s caladated :ﬁ:q'
2mdomn seqmences wih sinilar chowmcten€Hes . The forpula used cs:

P é N N0 ‘ State (0)  Mai Ny (g
- T4 —

ny Ny A 2 3 zg_

) )

whee. N, 20Wd Ny are %‘, 1 2 2
the numbers of ocaurrences D 4 0 o
of stake L (n sequences B 3 2. 6
1 M 2, w ’ SUMS: n4“12. nzn42 Znﬂvn)l. 239

T owr example. :

39
P = 42‘42 = 0.2?

The prbabdldhy of a pismakch de (1.00-0.2%) = 0.73
The expected mumber of matches (M) &r on overlapped interval
tom be calwleted as P +imes the pumbe,- of Comparsions,

In owr example, M =(0.22)(3) = 0.84 for position 3,
The wrvesponding number of expected mwsmatches (s :
MM= (0.23)(3) = 2.49.

For each compenison (psiton), tha value of chi-squae. test function
¢ calolated : . (M-M)Z . )
0 N oy e G g =

or

woth 'i)F= 1
2 _(M=F1-3)%  (MM-MM]-5) | Tiken R is smail, as fordhe
X, &= & + v

wmpqdm,pzﬁkons

x n .
G Nohers comeciion | oreveR e
Hhoe : M amd MMave the. obsoryed numbers ol mafches amd pwsmedrhes
ak a Given position of comparrison.. | 2-

The anitlcal value, X2, | 05 talcen fom TABLE 4. T X%> X7, the
null hypthesis of " non-assodahion (s fejected Wit (1-X)400% confidemce. .




Tn +he example aboe, for posthbn 3: 108

D=1 0=2 } cre -o.%«;o.s)z+ (2-2;350.5)’-____ 0.34
E =081 E'=2.418 o ‘ .

Theertleal value. X 2,0 = 274, which means 4hat Ho canmt ke rejected rith 9oy,

confldemee , and not enen 1itl 80% confidence (X2, = 1.64) 5 there vs no signifleant

assoclzdlon in posshlon. 3.

The succesive X Z-values can be plotted in a form amalogus fo corelo-

gram (se2 p 405y, t0 obtadn an assocogram , where posons with vantus

degree of ser(2s associaiion can be depicted and compared.

@ Semivanogram
Tihis methed (5 for quantifative data , to recogmze the speinl
pattern. of chamges in the vawiance of vardable X . The data ave
collected ak equally~spaced points along a one-dimepsionad profile or
tno-ddmensnzd gnld (see dizgram below). The Spaceny between the
date points £s b, but the data population is subeguently analyzed by
the caleution of X‘*(L) for L=h, 2h, 3h,... ok.

' Dimension(direction &
One-dimensional data grid The variable X distance.)
ﬁme SLMex ¢
each poin
<h> ‘ D
o o o 4 —e oo -0 9o 0> |
1-““‘1/’<1-"J1~/A\’-1""‘1,\-1' S ‘-1';:1 St (S (B
& 2" T—a2- ST TSR T egenelT g T e
2 N\ - '/\\ - \‘\
il R R AR A -—" Tl -X-'/\‘*‘-a-/:--- =
A.\__“-_*‘ --’//\.’__ﬁ WO A \ i
elc \
Two-dimensional data grid (fragment) SRS

<€h>

e d

1 h '
A1 | |l

13 | Sh i |

4 | ah |

p !

. |—-— . : o, :-..'
T ; Pt

e oo

D,

The semivamlance is czleulated for evony

. 4 =
x*(L> = SemLVMXCL) = EZ‘(X‘:‘*L-Xi)&
whee: lee numbec of dafa paurs CXC+L’ Xg)untpaﬂ:d.
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The caleuloted values of y*(L) are plotted as 2
tio-axiod Wegram , called semiveniogrem.

IDEAL SEMIVARIOGRAM

80 ~

60 fevel of total variance
s i - / (F/?S,H

- ___._S‘L_.___T.....-oo-oo-o
& = 40 = L. |
I o
; .
20 . ¢
o]’.é RANGE > n

00 05 10 15 20 2:5 30 35 40
Lag (distance urats)
ML) = Ly 2
L) = 2k -~ [xi‘ L- X{ ]
where: Y'(L) — the semivaricgram function

Xi = the value of the vanable X
measured at location (peint) &

X1 — the value measured at location & plus lag L (next point)
k =~ the number of data pars for given, L

The range (R) is the dwstamce (L valwe) at which 4he funchion
X.,*(L) reaches the level of +he bulle hadf-vemionce (-’21'-5)3‘)_,
colled sill. The vamge, refured tv alo asthe "radius of influence,
Us the dustance —amund any given point i — within which +the
x;-value ts influenced by the X-values in the adjacent
poents beyond that ddstamce , Hhe t'n\e‘“?{“& of the other,
Lowthes-lying poinks on a given point’s wlue vs neglgeble .

Seynivamoaraum can be calwdated for more %m one.“o.h'mwsc‘on
(see da'a;?am F ot pye) to study aw'sotopy (n Hhe variatiorof X.

Semuvaniograms may have- different forms (see review on
the next page), revealing diffeent dypes of spatial stauctwre of the
vowetlon. in. X-values.




T-F‘—>: [r*(0)=0
|

(e (1)=C@-183)+Co|

fork<f

‘\:J Y*(L)=C+Co forL>R

‘nugget’ Co
effect
. L>
Spherical model
C
(L)

Y*(L)=8:L+Co
whese: B=tan g

Linear model

Y.

Yo (UeCi1- %54

"Hole" model

B
Y (LA
_Y"(L)=B'In(L)}+Co
¢ B where: 8=tan g
Co
lnL
De Wijs's model
(legarithmic)
LA
7
7~
Y*{L)=CoLB
- < (Modaits haear
L YR Jplotted in bi-iogarithemic
4 InY™(L)=84n{L)+Co
41}- where: B=tan g
Co{
L
Power model
(fractal)
F
Y.(L) N Datafrom direction D,
\ Oatafrom  droction Dy
3 X
i e g e o
A N |
| |
Cy, : :
< >
nz :‘)
YY g 1
L
Anisotropy model
(spherical-type example)

- Review of different semivariogram models (based on Agterberg, 1974).
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@ Marlov-chain amaleig 111

This method (s for the recogmtion of “modal cycles” in a data series
of gqualitative vamable. The dafa senes consists o a lage numbey
of elements (N) represonting a smaller fonck number of states’(s)
of Hhe quakifabive vankble (e.4., Whsgades in a stratlgnphile leg )5
sudr that N S>S. The tainsitons fom one  stake 4o amother (n Hie serios
e ounted , with two possible variants of talung cheprvations(see
next paae) — resultng ‘n ecfher an embedded chain or a regularehan
medel; the former talies into acount only chamyes of state | whereas
He latter allotss for tramsihion fom oie. state. (ntp the same state
The follewng four matrices are calwlated: (A) tonshon count
madrix 5 (B) observed tamsctbn pobabilety matvix; (€) expected trnsiion
prthm'Lt‘ﬁd madn'x ; and (D) doffeence. matnx.

Rowd sum R

states s O SUMS

(A) 4 2 3 v 8 va/ (B)4 2 3 v S ‘

4] N Mg Myg oo Nyg[ 2Ny 1| P11 | P12 P13 = Pas |54
N2 | Naa| N1y Ngg = Nys|Z Ny 2| Poq | Peo| Pz~ P2s |= 1
R3] Ny Nap| Nagle e Nag Z.M 3| Pt Pz Psaf- P3s |=1

I R e ¢ F ¢ |
S| Mgy Nsg MNs3eeqNss|ZNs S| Pst Psz2 Psz-+|Pss [=1

Column

sums —*ZNy INy, N3 .. INSSy-=N Pil = P33 = 0 in embedded chain,
\ N = numbes of +he observed tmshions Pij= o secved pmbg.bx(,i'h:j ((ﬂ&wg
fom state t to state |, : ney, as fraction of 1) of-the

2N, = na:nwn;ﬁ Qfmnmce%o{. state L} damsition of state ¢ tostate §;
e = : s ""'0 ‘n MQJ ‘e 'S .

e oha‘::,ﬁoor >/O L'I‘l yegula(-tch;"nD' PD.‘ 5 n"vJ /an

(C)4 2 3 e S (D)'i 2 B =%y S
A| Cu| €1z Cuz €4 1| dygl g das -+ dys
2| €94 €22(€23€yg 2| dyg | dag |dga -+ dys
3 €54 €32|C33|Css 3| dy dap|das|" dss
S é54 e$2_ 853'“ eSS S d51 dsz .d$3 ---a.SS
e = expected probability of the = T R
Ljivzns%bn ozpsﬂdt Lﬁmj de = Peg — €|
. sext m . 3 '
e':;:ﬂ%n?ﬂes Was ramiomt V‘:ﬁ;"llf O>om wkéued ?haln.
yg ' y t the. matix normally
eic= ef; = O o ombedded chain. Loisg i g by (see futhe, tod)-
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Al121 4 | 3] 1 —
8| 4 |77 | 2717

Cl71 1217015 |

D3 [ 71]3]8]

AETOCTLOBDANAN

LT

—_— A

>

NEIRERL

O A>OO000 D

0o
I
i A 8 C 0
—_ | A 41 311 —4
8 B | 4 2 | 7 el
3 cl1]2 5 —3
0 R =2
—A

The patten of data collection for an embedded Memlov chain (left) and
a reaular Marov dmb"lf_b (N’gw{')s He shot honzontal Lines o: the Loggs

[eft-hand macgin are points of observation.,

T an embedded chain, only the dranges fom one state to ancther are
vecogiu'zed and counted. The tramsifon count matix thus has zervs on
e main dWagonal. Ths model is most commonly used.

Tn a regilar chain, the observations are taken at regular infervals and
Hhe tromsithons fom one state to the same state ane inclucled . The
transihon count mattix thus has values 2.0 on +the main diagenal -
The MVMI’(’DSQ 0(- war chadin o8 thed ot tales tnto account e “duvation”
(Hlckeness) of stedes. However, Hhe hansitbn counts da,Pend shongluy o

the. “step” (interval ) used . Tn pincple , an ophmal, step'v's such w
gives f@alance fe: the count values on. and ow(’n‘ei Hie medtriX’s

diagonal -
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FACIES SUCCESSION IN A FLUVIAL SANDSTONE BODY

C
A
B
A

( bas;)

DF ==l l
Py Ry AL 2
Critical leat(fc”r o< =L~{): x’fdsi l X

TCOO0O>PmOTPOO0OOTPPO>PROPO®OOCDCEP>PO0ODP>

T —— —

EXERCISE
A = sandstone with plane-parallel stratification
B = sandstone with large-scale trough cross-stratification
C = sandstone with current-ripple cross-lamination
D = mudstone
Row) Sums []
b
B ¢ D A B c o
A =1
B -4
C =
D i
N= —[d'l
B ¢ D YA B ¢C D
A
B
C
D

BULK TEST!:

(ni -"ieis)z]

[

ni€iy A B ¢ D 10ty SUMs

2 o P >
x

"
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This fest is for the bulle diffeence matrix, and the hypothesls tested
S Ho: The sedes of stzdes u's random
Hq: The sedles of states (s ‘ayclde” (formed by :
Marliov process, with some degree of "memory”)
IRW sum fom +ha count matrix [n;jl

S s S
x2 = > [(n5-e53ndY e 30| ot
% DF=(s — 1%

This (s & tiw-tacl test, amd the cibieal value JC;OQ 's tzlen fom
. process S s awve. had Macleovian
memory ; the Marleov-chedn model derdved s valid . =

W Test fr the siguificonce of the individual elements (uindotis”)
of the difference matnix

The difference matx may €acl the previous ‘bulld’test, but this does
no{’ nece S)’M(Jj meeam. that all WWSL%MS ne

are. non-prefens tizd

due i;sez-{v ramdom c,ha,nce The qeouOerg hgpo&més mam &L(‘Hlt&’ ’
te 3

be Ho: The frequency of partlewlar state tomsifipp,

is no higher ¥han expected for a ramdom
sees (0% 0).

: The frequency” of s unsifjon 's sipuficantly
it heghen H\af:aex;idcd fora m%n senks (8¢1>0)-

T ts o one-tacl test, amd +he calculatorny procedure is as follows.
Seleck a sigmfleamce level (oL =0.05, bt ol=0.10 may be quite enougl«)
For each element diy >0 of Hhe dofferonce matrix caleulate. e
pobabiloty of finding at least +he ohserved number of tamsitons,
n=ng, tn N=Zn; occumences of stede L in 2 nwdom serles.
(nc)' od S n; ane values fom e dansifibn count matnx , and
symbols 1 and N are ar used Ju the formula below) :

The. test-function (s:

— N
i _ s N-
YLJ (N7 n’) n=n;)'C (N)n> eLJ Q"J %
, f
LJ‘n?/Q. C (N, l’L) = (————-—"N__Nn}! =1 o
ey = ndong element of Hhe expected tomsilon
: %L/'&EWM&?%X', & fe



EXAMPLE © Suppse we iwish to dest the tamstbbn fom '
stote A to stede B, hamhd Npg=4, pug=0.52, €45=0.22,
Cpg = 035 and S ny=7F (dats fom Marlevon maiices).
For e dest, He follordny values ae needed :
Nap=4 Exp=022
Snp=F Q=075
to calalede Byg (7,4). The calewdatbon will be fom n=4 to n=7%.

-“-n

C GF’ n> eérjb arf :PBJ & n,)

n

& 35 0.0023 0.475 D.039%

5 24 0.0005 0.60% 0.006

¢ 7 0.0001 0. 780 0.0005

P 4 0.00002  4.000 0.00002
Sum:| 0.045

Pag (F4) =0.045 < ot=0.10
amd < oC:0.0S

The null hgpobhesls (Ho) is wjected il 95% condidence s, Hhe elemant
dap tn the dioflevene madrix (ndleates a. preferentizl ban sidion
form State A Yo state B.

m Test for_stattonartty of Marltov chadn
Ho: The Marlowlan process thek frmed ¥he serves
was stzaonawy ¥, ,
Hy: The process Was non-stattonary- ot
¥ This means ste not chamaing wmith Hime) andor uniform (na
chaj%t?ng lsater;it? z(n spmgfn“?o test s{-ez}clo‘ness , the senks Us splof
W M 22 Hme seaments. o test um)(O/nu»tz‘, m>»2 coaval cﬁaﬁa
senles ane compared, e.g., fom dofderent locali tezs.‘ﬂmu'saﬁ\o-hd fest.
The {est fanction (s given below (enteal value Xy, fom TABLE &)

m S

xt =25 5 [ 00 Inpsao/05)] | itk

k=4 Ly DF =(m-4>($z—$>
whe s Mgy amd Pujt) awe the s counts and phsecved

abilvbies” fom the serles intecval ks,

P = Hhe ocbserved hunsidibn Mifles fom the whole senles
or fom all tHhe coeval senles yointy )
M = number of senks Mntervals or number o coeval serles ;
N +Se$ *= m/smbef H\ﬁ f&ggs ‘nvolved C{ofz.ﬁc)“:lm y

pte res attice ‘nddaldy

Seqm o coewlsedec p audualgomfo\f ausfze 'fﬁcm joc'w’:hd& i |
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The following short description of this method is fromDawvis (1986) “Statistics

and DataAnalysis in Geology”, Wiley & Sons; New York; pp. 248-69.
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Fractality of Foutier series

Considex a Fowrier sine sexvies for a varcable Yh =£ (X)) oer
an intocval L ef dhe values of X -

Y, = 5 Ay, sin (231t x /L)
where : A, = a,mpuwh:;wdafed Mmh u'axxe{on@#\, J;‘ nL/«l
(with ¢ = 4,2, 3,-). The vamable Yh s & fadal vf He
amplitudes - Al hawe o powerlans dependence on A :

5-3D
AL' i '.lé_z_—
whee : ¢ = constamk 5 and D = fractal number (dimensien) of ¥he

sexle s,

The cor @ﬁum*s of Hhe Foun'er sefles, A} » wm?spond v Hie

v zwve lepgth A, = .Zx'sT/kk, whece ¢y (s e wewe number amd

h s the harmomle pumber. The spectral porrr densihy of a senles
s g by S = A-;:-L , whee L s the serles Juterval.

A senes s a fractal (self-stmdlan) (£

or | Ap =Cr

whore Vhe coeffiudens C amd b cambe deaved by power model

Ryresslon (see p. 68). The comespunding frackal dimension U's:
D =32(3-b)

From the rdaHonSMP D= 2.—-H/. one. ohtams H = Z—D) where

H (s the Hurst ex,oorwvd'. T€ H>0.5, #he serles (s PQ{(S‘)GW

T¢ H<0.5, the serles (s anbipensistont (clustered). The H-velue

com o weed tp quantify and cormpzre e porsistence of didderent-

serles.
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Methods for quantitative data with vegional/locakion co-ondinates.

o Trend-surface amalyss

|

3 H 15t Degree 2nd Degree 3rd Degree

g REGRE SSION

3 ANALYS ;f
\ nomt

E ,/ lif:z!?{i{h'ng

£ X 4 |

—— - I

Y l

TREND-SURFACE
ANALYSIS
%, i polgnomral
Sy rﬁate-{' Hingy
Xy

2 Independent vasiables
|

One-dimenslonal (uppes part) and two-elimensional (Lo pant) trend

of vawiable v mated ' ak funetd /
secord zond %h-‘ddfggg? A DD o

The data populzdion. in trend-surface anzlysis, {x,, %,Y}, is used 4o
flod a trond-swface 4 =£(%45X;) dez'lﬂned 5,\3 po?g,mmtkl%w#lbw.

The {ollori'ng descn'Pﬁbn of trend-surface anzlysis s fom:

Davis J.C. (1886) Statistics ond Data Analusis
tn Geology . 2nd eZh'%-, Wiley & Sons, New Yo':lzc}? pp. 405-429.

Trend Surfaces

Trerad analysis is the geology profession’s name for a mathematical method of
separating map data into two compancats—that of a regional nature, and local
fluctuations. This has been done intuitively or graphically by geologists for years,
Petroleum geologists, for example, refer 1o **regional dip™ or “'basinal configu-
ration™" as opposed to “'local structures. " Petrologists may speak of the *"regional
grain®* of a metamorphic terrain, Geophysicists have loag been accustomad to the
corcept of “'regional trends’ and *‘local anomalies.” All of these expressions
unply a belief that any given observation is the outcome of two interacting geologic
forces or sets of forces—that which shaped the region or general geologic setting,
aml that which caused small arcas to deviate from the regional patiern, Obvious
cramples may be drawn from structural geology. The Tertiary basins of Wyoming
are the result of major movement aloag faults that extend deep into the crust,
Within basins, folded structures have developed as the result of such diverse local
agents as gravity sliding, minor antithetic faulting, failure of incompetent beds in
arcas of high dip, and so forth. If we regard the geometric shape of a basin a5 a
regional structure, these small structures repeeseat local deviations.

What we consider to be *'regional” and *'local™ is largely subjective. [t depends
in part upon the size of the region being examined. If the buricd Precambrian
surface of the United States is under consideration, the basing and intervening
mountain ranges of Wyoming will appear as anomalies or local deviations, as will
the Black Hills, Ozark Dome, Michigan Basin, amx! olher major features of the
basenwent. Within an individual Wyoming basin, a3 we have seen, *“'regional”* ad
“local™ take on quite different meanings.

The availability of data exerts a very real influence on the nature of regional
trends and locul deviations, It s fruitless, for example, to search for meaningful
local features whose suspected size approaches the spacing between sample points.
Such features, whether they exist or not, simply cannat be detected. The relationship
between the size of detectuble features and the spacing of control poimts can be
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A comparison of surface fitting algorithms for geophysical

data

T. El Abbass’, C. Jallouli?, Y. Albouy' and M. Diament’
'ORSTOM, Bondy, France; *Labaratoire de Géophysique, Unmiversité Paris Sud, Orsay, France.

ABSTRACT

Many treatments in geophysics require regular grids of data. Since the
data are generally recorded irregularly (e.g. gravity measurements
along roads) or even on tracks (e.g. satellite measurements), itis

necessary to grid the observed data.

We present the result of a comparison of various surface fitting
algorithms carried out in order to check their reliability. Two different
tvpes of sampling have been venified: (i) clouds of points and (ii) points
along tracks. Five algorithms have been extensively tested: (1)
polvnomial fit, (2) algorithm using a combination of spline-laplace, (3)
krigeage (4) least-squares fitting method, and (5) finite element
method. The suitability of cach method for different sets of data and
the limitations (in terms of amplitude and gradient) are discussed.

Terra Nowva, 2, 467-475

INTROOUCTION

Guophysical datd are generally  re-
corded with a rather randem distnibu-
tion that needs interpolation in order to
compute a regular grid. Regular grids
are requered esther for eepresentation
purposes or for further treatments. The
development of small computers has
allowed the interpolation procedure to
be easilv performed and therefore a
number of workers in earth sciences,
not only in geophysics, now have to
create regular grids from irregularly
spaced data, for which. vanous algo-
rithms have been proposed. Bhat-
tacharvya (1969) applied the bicubic
spline interpolation to geophysical
data. Sandwell (1957) applied bihar-
monic spline interpolation in SEASAT
Altimeter Data. A method which is
based on the theory of random variables
is described by Matheron (1970) and
Olea (1974). Haves and Halliday (1974)
and Dierckx (1930) apply a least-squares
fitting method of cubic spline surface.
A new method, described by Inoue
(1986), is based on the definition for
optimum function minimizing the L2
norm composed of the data residuals

and the first and second derivative. The
optimum function is approximated by a
cubic B-spline eapansion.

Many methods for solving smoothing
or interpolating problems have been
proposed - see reviews by Crain (1970),
Brodlie (1980), Mclain (1980), and
Lancaster and Salkauskas (1986).

We present here the results of a com-
parison of various methods which are
commonly used. Our aim is to give
some hints as to the most suitable
method according to the shape of the
data (important extrema or important
gradients) and to their geographical dis-
tribution (tandom or along tracks or
rcads). For that purpose, we choose to
study several algorithms for interpolat-
ing: (1) polynomial fitting (La Porte,
1962); (2) a combination of spline and
laplace methods (plot 83); (3) kriging
(Matheron, 1970); (4) least-squares
fitting of bicubic spline surfaces
(Dierckx, 1980); and (5) a finite-element
approach using a cubic B-spline basis
(Inoue, 1986).

We used theoretical data for testing
these different algorithms., However,
geophysical data were treated by the

same aigorithms for constructing the
map of 3 Bouguer anomaly. All alge-
rithms were tested on a personal com-
puter (IBM compatible).

PRESENTATION OF THE
ALGORITHMS CHECKED

Polynomial method

A well-known algorithm for fitting data
on a surface using polynomials was
proposed by La Porte (1962} in order to
produce isovalue maps from a set of
data using computers. For each point
where an interpolated value must be
computed (i.e. the ‘nodes’ of the grids),
a fit of a polvnomial surface to the
neighbouring data is performed using a
least-squares approach. Therefore the
coefficients of the polynomial surface
are computed and the interpolated
valueisdeduced. The data on which the
fit is performed are located inside a
circle with a variable diameter. Addi-
tionally, each datum is weighted so that
more weight is given to the closest
datum to the interpolated point,

The weight is taken as (La Porte,
1962):

Pl . ((R:-D:g)’(ocz"'n:)l:

where R is the radius of the interpolat-
ing circle, D,is the distance between the
i data and the point to estimate, i.e. the
centre of the circle, and n is a small
quantity such that P; is defined if D,
equals zero. With larger values of n, the
polynomial surface will be smoother.
Once nand R are fixed, in order both
to avoid an over smoothing and to take
into account enough data to compute
the polynomial coefficients, it appears
that this interpolation method depends
upon the degree of-the polynomial and
upon the repartition of the data. Note
that if the degree of the polynomial is
increased, the number of data points
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needed is also increased and therefore R
must be eniarged.

We used a program (Albouy and
Godivier, 1981) strictly following the
algorithm given by La Porte (1962).

The spline~Laplacian method

This interpolation algorithm is a com-
bination of a Laplacian and of a spline
interpolation. The equation used is!

[82X(2)+87Y(2)] + CI8* X(2) +5°Y()] = O

The first bracket corresponds to the
Laplacian interpolation and the second
one to the spline interpolation. There-
fore according to the value of C the com-
puted surface is more or less controlled
by one interpolation or another. For
example, the computed surface 1s more
controlled by spline interpolation for
high values of C.

It must be noted that the estimated
surface has to fit the observed points
Ananterpolation function s computed
between each two data points from ther
values, the slope and the curvature,

We used the Plot 88 library software
(Young and Van, 1957).

The kriging method

The knging method, developed by G,
Matheron and his school, is based on
geostatistics. To estimate the value Z of
one variable at a point M, this method
Uses an estimator:

Z'-ZP.Z.withiP,-l

where n is the number of data, Z, is the
measured values, and P, is the weight.

The weights P, are not a function of
distance from the data points to the es-
timated point only, but depend on the
spatial continuity of the variable. The
spacial continuity is defined by a func-
tion called a variogram which is used in
the determination of the weighting
factors P,

The variogram function determines
the ‘variance of estimate’. For a given
length (h) and direction (M,M.), the
variogram is defined by the following
expression:

yih) = 1/2|variance (Z,~2,)]
and experimentally,
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yik) = 12N E(2,-2,)%,

where N, is the number of vectors
h= M.Mx.

We compute the experimental vario-
gram and we determine a theoretical
model of y(k) which is a linear function
of the distance.

Krigeage minimizes the vanance of

‘estimate of by differentiation with

respect to weights P The variance of
estimate is given by the following
expression:

of = 23 Py(MM,)-X P.Py(MM)

The minimum variance of kngeage
gives an idea of the error made.

Finally, we note that this method is
detailed by Matheron (1970); Guillaume
(1970) and Haas and Viallix (1976)
applied it in order to solve the problem
ot estimates and contounng. Further
details of vanograms are given in
Delhomme (1976).

Aleast-squares fitting method using a
cubic bespline

Haves and Halliday (1974) describe a
computational method for fitting
bicubic spline by least-squares for arbit-
rarv data and Dieeckx (1977) for data on
a rectangular grd, However, automatic
determination of knots is not con-
sidered, and because the goodness of fit
with a least-squares spline function is
considerably affected by the number of
knots and their position, Diezckx (1980)
developed this method where, the
number of knots and their positions are
determined automatically.

The following problem is considered.
Given the function values f, at some
point s(x,, wh r =1, ..., m scattered
arbitranily in the domain D with positive
weightsiw,, r = 1,..., m, wedetermine
a spline function s(x, y) while trying to
find a compromise between the follow-
ing objectives:

(i) The prescribed value f, should be
closely enough,

(i) Theapproximating spline should be
smooth enough in sense that the
discontinuities in its derivatives are
as small as possible.

The spline is given in the b-spline
representation:

4 Ned

s(ry) = Z Z CMONLW)

where M(x), N,(y) are normalized cubic
b-spline (De Boor, 1972) and the
coefficient C; is determined as the so-
lution of the following constrained
minimization problem:

Minimize n Subject to the constraint
2
e, %S,

where n is a measure of the lack of
smoothness of s(x, y), & denotes the
weighted residual w,(f,—s(x, y)), and Sis
a non-negative number which controls
the extent of smoothing and is therefore
called the ‘smoothing factor’. (This
parameter is discussed by Reinsch
(1967) and Dierckx (1980, 1981).

We use a subroutine from NAGC
library (Numencal Algorithm Group,
1988).

The finite-element approach method

An algerthm using the finite element
approach method was recently pro-
pused by Inoue (1986). This method is
used to compute a surface using cubic
b-spline expansion and 12 minimize the
misfit, the fluctuations and the rough-
ness of the function. As mentioned by
Inoue (1986), the solution s0 computed
represents the deformation of a thin
elastic plate under tension. The plate
being pulled laterally toward datum
points by springs whose stiffnesses are
inversely proportional to the variances
of the data,

Indeed, Inoue proposes to minimize
the following function:

= Z D, ~d, )}

o3
18 [ (w5403
+ WD, + 203, + ) Jdxdy
with @} = [&,(x, y)J*
O, = (Dolx, I
Wi = 2(lJd)%p
W, = (1=2)(13d )

Miel Al

dr =D > CEMGH)

N B |

where F(x) and G(y) are cubic b-spline
bases, i, are the weights of the data d,,
l,isthe unitlength, d, is the unit observ-
able, pis a roughness parameter. It con-
trols the tradeoff between the fitness
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Fig. 1. The effoct of roughness and tension i the finite-element method.

to data and the total smoothness. 7 is
a tension parameter. It controls the
nature of the function by varving from
a plate free from tension (v = 0) to a
membrane under tension (v = 1),
These two parameters are discussed
by Inoue (1986). In Fig. 1 we show the
roll of each one when applied to
geophysical data (we remark here that
with a low value of roughness the cal-
culated curve doesn't fit the observed
data). The interpolation is controlled
also by the number of division para-

meters (M, and M,). These parameters
depend on the data distribution.

So three parameters controi the inter-
polation: the roughness, the tension
and the number of divisions of the
domain.

We used the program given by Inoue
(1986) in his paper,

PRINCIPLE OF OURSTUDY

Qurapproach to test various algorithms
of surface fitting is shown in Fig. 2, We

first choose a synthetic surface Fig. 3
which presents both high extrema and
important slopes, these are difficult fea-
tures to interpolate but ones that are
often observed in the field. Indeed this
surface is defined as the composition of
three functions as:

fix. y) = Aexplac +by* +cx+dy+e)”

The resulting function is computed over
a square area.

Then a distribution of points is taken
out of that synthetic surface and so de-
fines our set of data. We interpolate this
set of data in order to obtain a regular
gr.d and we finally compare the com-
puted gnd with the one having the
same spacing deduced directly from
the synthetic surface. We can quantify
the quality of the interpolation by com-
puting the residual gnd.

Several distributions have been
studied: random distribution with vari-
ous densities for the data and distnibu-
tion along profiles varying the distances
between the profiles. These two kinds
of distribution were chosen in order to
represent two different types of data,
either data on land such as those re-
corded during gravity survey, or data
obtained at sea or by satellites.

RESULTS AND DISCUSSION
FROM ATHEORETICAL EXAMPLE

Polynomial fit

As previously mentioned, the interpol-
ation using the polynomial fit depends
upon the degree of the polynomial, the
interpolation radius and the distribu-
tion of experimental data.

Figure 4 shows residuals obtained for
the third and four degrees. We show the
results obtained with a random dis-
tribution of 400 data points and with a
radius of a half of the diagonal. As it
could be expected, the residual is
smaller when the degree is higher since,
for example, degree 3 gives a residual
of about 5% (Fig. 4a), while degree 4
gives 0.5% (Fig. 4b). Similarly, it is ob-
vious that the fit is improved with a
smaller radius, displaying a linear fit
with a radius of a fourth and an eighth
of the diagonal (Fig. 5a and Fig. 5b,.
respectively). 4

We note that this method doesn't rep-
resent the extreme very well.

Concemning the profile distribution, it
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appears that the residual is controlled
by the spacing between the profiles and
by thair onentation in respect to the
features of our svnthenic data as ex-
pected (Fig. 63). But if the profiles have
larger distances between them, the
interpolation creates anartificial teature
paralicl to the profiles when the dis-
tance between them is greater than the
wavelength inspected (Fig, 6b) thus there
isanaliasing effectin the space domain.

It must be remarked that this much
used method gives reasonably good re-
sults with a high degeee of accuracy and
a small interpolation radius. Neverthe-
less it is rather slow and respects the
slopes but does not represent well the
extremes,

Spline-Laplacian method

We first studied the influence of the
parameter C which controls the ratio of
spline and Laplacian interpolation, The
main variations are in the area with
large slopes but it appears that this
parameter does not act in an important
way. Therefore, we kept a value of
C = 3, i.e. a mean value, such that both
spline and Laplacian interpolations act
for the following tests,

Using a random distribution with 400
points, the residual is of about 5% of the
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Fig. 3. The synthetic surface compuled from
the regatar grid. The amplitude of this surface
i about 800 wnts.

signal (Fig. 7), the same range as that
oblained with an identical distribution
of points with 3 linear polynomial inter-
polation. It must also be noted that this
method always provides poor fitsin the
arcas of pronounced slopes.

Fig. &. Tuwo mups of residicals obtaiied by
pedynomial interplation from 00 data points
shote tee effect of degroe of tae polynonre. ()
(top) is obtainad by a third degree polynonial
interpolation; (b) is obtained by fourth degree.

Fig. 5. Two maps of residuals obfamtd.by
polyromial interpolation show the effect of
redius parameter. (a) (top) and (b)are obtainea
with a radius of @ fourth and an eighth of the
dingonal, respectively.
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With data along tfacks, the results are
always less accurate than with a random
distribution of data,

In conclusion, although this methed
is quite fast, it seems to provide poor
results and to be dependent on the data
distribution. Nevertheless, it can be
used for fast representations of data
sets.

Kriging method

The first step consists in computing a
variogram. Figure 8 shows the computed
variogram from a random distribution
of 400 data points. Interpretation of the
experimental variogram is used to fix a
linear model of the variogram function
of distances. The first branch of the
experimental variogram appears to be
very lincar which is logical according to
the fact that data are synthetic.

Results of the interpolation are
shown in Fig. 9. The high residual
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Fig. 8. Variogram compucted from random
destritretion of 400 data points.

values are shown on the maxima and
minima, 50 this method, like the poly-
nomial method, doesn't represent well
the extremas. Nevertheless, itrequiresa
lot of computer time,

A least-squares of surfaces fitting

In this method we control the smooth-
ness of the fit with the smoothing
facter S.

We studied theinfluence of Sinaran-
dom distribution for a set of 1600 points.
with § = 50; Fig. 10a shows a residual
about 0.5% over the slope. In Fig. 10ba
residual is obtained with § = 4000;
the high value of residual is over the ex-
tremas and it is about 1% of the signal,

Figure 11a shows a residual obtained
for 400 points with S = 50. We have
the same resuits for 1600 points, but
with § = 4000 the residual is about 2%

—

04 Ginmmgtic
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— ——
e Ll §
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Fig. 7. Residual maps obtained by spline=
laplacian method. The residual presents a high
value in area of the pronounced slope.

Fig. 9. Residual obtained with Kriging
mrethiod. High talues in residual map are
observed o the niaxima and the minima of the

surface.

Fig. 10. Residuals obtained by a least-squares.
surface fitting from 1600 points. (a) (top) the
result with @ smoothing factor S = 50; (b) the
result with @ smoothing factor S = 4000.

4an
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Fig. 11, Residuals obraimed by a least-squarcs
surface fitting from SO0 poants, (o) the resudt
with smootling factor S = 50, (b) the result
with smvotiing factor S = 4000.

over the minimum and the maximum
(Fig. 11b).

Using a distribution along tracks, the
residuals show that the results are not
controlled by the orientation of the
tracks. With § = 4000, residual values
are high over the extremas (Fig. 12a),
and with § = 50 the low residual values
are above the slope (Fig. 12b).

This method does not represent the
extremas well when high values of Sare
used but gives good results - small
residuals with smal! § parameter. How-

- ever, this advantage for theoretical data
is not confirmed if the method is applied
to geophysical data (see later).

Finite-element approach method
As previously mentioned, three para-
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Fig. 12. Residuals obtained by @ loast-2quares
surface-fittanyg alony tracks. {a} the reswlt with
a smoothing factor S = 4000; (b) the result
with a smootlung factor § = 50.

meters control the quality of the inter-
polation, and their relative influence
can be depicted. Figure 13 shows that
the value of the roughness must be as
high as possible in order to get the best
fit, Figure 14 shows that the best fit is
obtained with low tension values.

Concerning the number of divisions,
it appears that it is closely related to the
data distribution: the number of divi-
sions must be increased when the grid
interval is decreased. Also, as could be
expected, the increase in the number of
divisions yields better results; too high
roughness and a great number of divi-
sions have no influence on the results
but do increase computer time.

This method gives good results, i.e.
small residuals, even if data are distri-
buted along tracks (Fig. 15). Moreover,
itis a fast algorithm.

Fig. 13. Two residuals shows the roughniess
effect. tadand (b) arc the results of roughness
paramcters of 1000 and 10, respectively.
Tension parameter 13 fixed at 0.

RESULTS AND DISCUSSION
FROMA GEOPHYSICALEXAMPLE

We have applied all these methods in
gravity measurements to construct con-
tour maps of the Bougeur anomaly.

Figure 16 shows the position of the
gravity measurements over a rectangle
of 330x330 km containing 394 data
points,

The results show that the quality of
maps is not good with the spline-laplace
methods (17a and b) as  artificial
anomalies are created.

With the polynomial method the
results are not satisfactory over the
boundary domain where there are
few data (Fig. 18) although the slope is
respected.

The maps obtained with the kriging
method (Fig. 19) and finite element
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Fig. 13. These residuals show the effect of the c
tensnon paeanieter, (@) (opd and () are the Fig. 15. Tuw resufuals obinined alony tracks Fig. 17. Contour maps ta) (top) swath e spline
results of imterpolation with teisson parameters (@) (top) is the result with roughness egual to nwetiooed; (b} with Lagdacian niethod. Resultsare
equal to G and 1. respectively. Roughness 1000 and tensson equal 0, (b) is the result with  not very satisfactory as they are toa rough

parameter is fixed at 1000, rokginress equal to 1000 and tensin equal to 1.

approach method (Fig. 200) are good,

showing minimum curvature with

respect to extremas and the slope. In _-» s = -}
addition this method gives good results )
in areas with limited data,

Figures 20b, ¢ and d show the role of
the three essential parameters: rough- :
ness p, tension 1, and the number of ) qn
divisions M. They give many solutions
according to the desited objective and . L
the data application. S Ot e

The results show that the roughness p L S SRR
and the number of divisions M should ‘oa S b
be determined so that the fitted function RS o
extracts the true distribution from the o T aias —~
noisy data as efficiently as possible, e ure ."// 3

Finally, Fig. 21 shows contour maps ) Lt { 2 i S :
according to different S values, Choos- "% o = oW E T o
ing S too high (S = 4000000) results in . Fig. 18, The contotur mup with @ polynomial
oversmoothed data (Fig. 21a). Overfit-  Fig. 16. The position of the gravity third degree: Result unsatisfactory noar the
ting the data results from choosing Stoo  imeasircuents over the studied area. boundaries, ?

1o SO
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Fig. 19. The comntour map with Kriging
nrethod: A lincar tareogrant is applicd.

small (S = 100000) (Fig. 21b). Figure 21¢
shows the contourmap with S = 400000,
which could be accepted.

The result demonstrates that the fit
produced by this method is unreliable
A region with few data. The unfavour-
able situation is accentuated if S becomes
smatler.

CONCLUSION

Our tests confirm that the interpolation
technique, although widely used. is a
very sensitive methed and that caretul
attention must be paid to it. From the
results presented here it is obvious that
no method is universal,

Indeed the choice must be made
according to the distnbution of points
and to the quality of interpolation
needed ie. it is more important to fit
extrema o slopes, and, finally, to the
computer time needed.

The polynomial smethod appears to be
an efficient method to fit slopes if a high
degree is used but can be very slow.

The spline-Laplacian method gives
smoothed maps quite fast, but is far
from being the best.

The knging method is obviously a
powerful one but it is heavy and ex-
pensivein calculation time,

The least-squares surface fitting
method is not easy to use, because in
practice this method is used with con-
siderable interaction between the uses
and the computer via a graphics ter-
minal, the reason being that the data
are sensitive to the parameter S which
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Fig. 20. The results of contouriny maps with the finite element method. tadp = 2000, = 0, and
the number of divisions is 19%19:(b) p = 2000, ¢ = 1 and the smumbyr of dicusions is 15 % 19; (¢}
p = 10,7 = Qand the nmumber of divisions is 19x19: (d) p = 2000, + = 0 and the mumber of
divisions is 4% 4.

has to be chosen carefully: too siall an
S value will resuit in an overfitting: too
large an S value results in an under-
fitting of data. Therefore, the user
should always control the fit graphic.
ally before accepting it as satisfactory.
Finally it should be mentioned that the
value S is not very crucial and also
depends on the number of data points
and the application.

The finite-element method is reason-
ably fast, easy to use, even if the first
choice of parameters is quite subjective,
and gives a good fit, so it appears to be
3 good choice. In addition, including
the generalized tension parameter this
method has more applications in order
to find a suitable solution for gridding
data when these data vary rapidly with
distance (Smith and Wessel, 19%0), e.g.

using a tension parameter is good for
bathvmetry data.

Both kriging and finite element
methods provide an estimation of the
accuracy of the interpolation, and take
the standard errors into account.

As previously mentioned, it is ob-
vious that whichever interpolation
algonithm is used, data would be pre-
dicted only where no measurement has
been made. Therefore, interpolated
grids must alwavs be checked with
respect to the original data so that
possibly artificial features introduced
during the interpolation may be re-
moved before interpretation.
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Table 1A

Table 1A. Cumulative standard normal distribution.

CUMULATIVE STANDARD
NORMAL DISTRIBUTION*®

——— e e

L — — —— —
z P z P 2z P z P z P
-4.00 0.00003 ~3.50 0.00023 ~3.00 0.00135  —2.50 0.00621 -2.00 0.02275
-3.9 0.00003 -3.49 0.00024 -2.99 0.00139  =2.49 0.00639 -1.99 0.02330
~3.98 0.00003 ~3.48 0.00025 -2.98 0.00144  =2.48 0.00657 -1.98 0.02385
-3.97 0.00004 -3.47 0.00026 -2.97 0.00149  =2.47 0.00676 -1.97 0.02:42
-3.96 0.00004 ~3.46 0.00027 -2.96 0.00154  =2.46 0.00695 —-1.96 0.02500
-3.93 0.00004 -3.48 0.00028 -2.95 0.00189  -2.48 0.00714 -1.95 0.02550
~3.94 0.00004 -3.44 0.00029 -2.94 0.00165  =2.44 0.00734 -1.94 0.02619
-3.03 0.00004 -3.43 0.00030 -2.93 0.00160  =2.43 0.00755 -1.93 0.02630
-3.92 0.00004 -3.42 0.00031 -2.92 0.0017§  -2.42 0.00776 -1.92 0.02743
-3.91 0.00005 ~3.41 0.00032 ~2.91 0.00181  =2.41 0.00798 -1.91 0.02807
-3.90 0.00005 -3.40 0.00034 ~2.90 0.00187  =2.40 0.00820 -1.90 0.02872
-3.8 0.00008 -3.3 0.00035 ~2.89 0.00193  =2.39 0.008:2 , —1.89 0.02938
~3.88 0.0000S -3.38 0.00036 ~2.88 0.00199  -2.38 0.00866 ~1.88 0.03005
-3.87 0.0000S -3.37 0.00038 -2.87 0.00205  —2.37 0.00889 -1.87 0.03074
~3.86 0.00006 ~3.36 0.00039 -2.86 0.00212  =2.36 0.00913 —1.86 0.03144
-3.85 0.00006 -3.38 0.00040 -2.88 0.00219  =2.35 0.00939 ~1.88 0.03216
~3.84 000006 3.3 0.00042 -2.84 0.00226 ~-2.34 0.00063 ~1.84 0.03288
- 3.8} 0.00006 -3.33 0.00043 -2.83 0.00233  —2.33 000990 —-1.83 0.03362
-3.82 0.00007 3.3 0.00045 -2.82 0.00240  -2.32 0.01017 -1.82 0.03438
~3.81 0.00007 -3.31 0.00047 ~2.81 0.00248 = =2.31 0.01044 —1.81 0.03515
~3.50 0.00007 -3.30 0.00048 -2.80 0.00236  =2.30 0.01072 -1.80 0.03593
-3.79 0.00008 -3.29 0.00050 ~2.79 0.00268  —2.29 0.01101 -1.79 0.03673
-3.78 000008 -3.28 0.00052 ~2.78 0.00212  —2.28 0.01130 -1.78 0.03754
-3.77 0.00008 -3 0.00054 -2.77 0.00280 -2.27 0.01160 -1.77 0.03836
~3.76 0.00008 -3.26 0.00056 =2.76 0.00289  =2.26 0.01191 -1.76 0.03920
-3.75 0.0 -3.2$ 0.00058 -2.75 0,00298 -2.25 0.01222 -1.75 0.04006
-3.74 000009 ~3.24 000060 -2.74 0.00307 -2.24 0.01255 —-1.74 0.04093
-3.73 0.00010 -3.23 0.00062 -2.73 0.00317  ~2.23 0.01287 % 0.04182
-3.72 0.00010 -3.22 0.00064 -2.72 0.00326 -2.22 0.01321 -1.72 0.04272
-3.7 0.00010 -3.21 0.00066 -~2.7l 0.00336 -2.21 0.01355 -1.71 0.04363
-3.70 0.00011 -3.20 0.00069 -2.30 0.00347  =2.20 0.013%0 -1.70 0.04457
-3.09 0.00011 -3.19 0.00071 -2.69 0.00357  =2.19 0.01426 -1.69 0.04551
-3.68 0.00012 ~3.18 0.00074 -2.68 0.00368  —2.18 0.01463 -1.68 0.04618
-3.67 0.00012 -3.17 0.00076 -2.67 0.00379  =2.17 0.01500 -1.67 0.04746
~3.66 0.00013 -3.16 0.00079 —-2.66 0.00391  =2.16 0.01539 -1.66 0.04846
~3.68 0.00013 -3.15 0.00082 -2.65 0.00402  —2.15 0.01578 -1.65 0.04047
-3.64 0.00014 -3.14 0.00084 -2.64 0.00415  —2.14 0.01618 -1.64 0.05050
~3.63 0.00014 -3.13 0.00087 -2.63 0.00427  -2.13 0.01659 -1.63 0.05153
-3.62 0.00013 -3.12 0.00090 -2.62 0.00440  =2.12 0.01700 -1.62 *  0.05262
-3.61 0.00015 -3.11 0.00094 -2.61 0.00453  —2.11 0.01743 -1.61 0.05370
=3.60  0.00016 -3.10 0.00097 -2.60 0.00466  —=2.10 0.01786 -1.60 0.65480
-3.59 g-g‘; ~-3.09 0.00100 -2.59 0.00i80  —2.09 0.01831 -1.59 0.05892
'3*53 . : -3.08 0.00104 -2.58 0.0049¢  ~2.08 0.01876 —-1.58 0.05705
'g-gé 0.00018 -3.07 0.00107 -2.57 0.00%08  =2.07 0.01923 —-1.57 0.03821
=3 0.00019 -3.06 0.00112 -2.56 0.00523  =2.06 0.01970 ~1.56 0.03938
=3.55 0.00019 -3.08 0.00114 -2.55 0.00539  =2.08 0.02018 ~1.55 0.06057
“3'3 °~%§‘l’ ~3.04  0.00118 -2.54 0.00854  —2.04 0.02068 —1.54 0.06178
238 g'ooozz =30 o001 ~2.83  0.00570  -2.03 002118 -1.53  0.06301
-3. . -3.02 0.00126 -2.52 0.00887 -2.02 0.02169 -1.52 0.06426
-3.51 0.00022 -3.01 0.00131 -2.51 0.00608  =2.01 0.02222 -1.51 0.06552
X Standard normal distribution has & zero mean (4= 0) Tre cumulakive probability of P (%) 13 defined:
and a unit standard deviation (5 = 1); that is, also P w ot
» . 1 " + 9 .
a unit variance (& = 1). The distribution of a particular ad p
vanable can be standardized as follows: X; = X ot = exo(-+2z2




Table 1A

Table 1A. Cumulative standard normal distribution. [Continued]

Z P z P z P 2 P z P
-1.50 0.06681 -0.9% 0.18406 -0.30 0.38200 0.30 0.61791 0.90 0.81594
-1.49 0.06811 -0.89 0.18673 -0.29 0.33591 0.31 0.62172 0.91 0.8185%0
-1.48 0.06944 -0.88 0.18943 -0.28 0.38974 0.32 0.62352 0.92 0.82121
-1.47 0.07078 -0.87 0.19215 -0.27 0.30358 0.33 0.62930 0.93 0.82381
-1.46 0.07213 ~0.86 0.19489 -0.26 0.30743 0.34 0,63307 0.94 0.82639
-1.48 0.07383 ~0.85 0.19766 -0.25 0.40129 0.35 0.63633 0.95 0.82894
2158 0.07493 -0.84 0.20045 -0.24 0.40517 0.36 0.61038 0.96 0.83147
-1.43 0.07636 —-0.83 0.20327 ~0.23 0.40905 0.37 0.64431 0.97 0.83398
-1.42 0.07780 —-0.82 0.20611 -0.22 0.41294 0.38 0.63803 0.98 0.83616
-1.41 0.07927 -0.81 0,20897 -0.21 0.41683 0.39 0.65173 0.99 0.835891
-1.40 0.08076 -0.80 0.21186 -0.20 0.42074 0.40 0.63342 1.00 0.84134
-1.39 0.05226 -0.79 0.21476 —-0.19 0.42465 0.41 0.63910 1.01 0.84375
-1.38 0.08379 -0.78 0.21770 —-0.18 0.42858 0.42 0.66276 1.02 0.84614
-1.37 0.,08534 -0.77 0.22065 —-0.17 0.43251 0.43 0.66640 1.03 0.848%
-1.36 008601 -0.76 0.22363 —-0.16 0.43644 0.44 0.67003 1.04 0.85083
-1.35 008851 -0.75 0.22663 -0.1% 0.43038 0.45 0.67364 1.08 0.85314
-1.34 0.0:012 ~0.74 0.22965 —~0.14 0.44433 0.46 0.67724 1.06 0.85543
-1.33 0.00176 -0.73 0.23270 ~0.13 0.44828 0.47 0.65082 1.07 0.85769
-1.32 0.09342 -0.72 0.23576 -0.12 0.45224 0.48 0.68139 1.08 0.85093
-1.31 00510 -0.71 0,23885 —0.11 0.45620 0.49 0.68793 1.9 0.86214

-1.30 009650 =0.70 0.24196 -0,10 0.46017  0.50 0.67146 1.10 0.86333
-1.29 009853 ~0.69 0,24510 -0,09 0.46114  0.51 0.65457 1.1 0.86650
-1.2% 010027 -0.68 0.24825 -0.08 0.46812  0.52 0.60847 1.12 0.86864
-1,27 0.10204 =0.67 0.25143 -0.07 0.47210  0.83 0.70194 1.13 0.87076
~1.26 0.10343 =0.66 0.25463 -0.06 0.47608 0.54 0.70840 1.4 0.87286
-1.2 0. 10568 =0.65 0.25788 —-0.03 0.48006  0.58 0.70834 1.15 0.87493
-1.23 0. 10739 =0.64 0.26109 -0.04 0.48405 0.56 0.71226 1.16 0.876738
-1.23 010933 -0.63 0.26435 ~0.03 0.4%803  0.87 0.71566 1.17 0.87900
-1.22 0.11123 -0.62 0.26763 -0.02 0.40202  0.58 0.71504 1.18 0.83100
-1.21 0.11314 -0.61 0.27093 —-0.01 0.49601 0.59 0.72240 1.19 0.83298
-1.20 0.11507 -0.60 0.27425 0.00 0.50000 0.60 0.72575 1.20 0.83493
—-1.19 0.11702 -0.59 0.27760 0.01 0.5039 0.6l 0.72907 1.21 0.88686
-1.18 0. 11900 -0.58 0.2809% 0.02 0.50798 0.62 0.73237 1.22 0.88877
=117 0.12100 -0.57 0.28434 0.03 0.51197 0.6 0.73565 1.23 0.89%065
-1.16 0.12302 -0.56 0,28774 0.04 0.51595 0.64 0.73891 1.24 0.89251
—-1.13 0.12507 ~0.55 0.29116 0.03 0.51994 0.65 0.74215 1.25 0.89435
-1.14 0.12714 ~0.54 0.29460 0.06 0.52392 0.66 0.74537 1.26 0.89617
—1.13 0.12024 —-0.53 0.29806 0.07 0.52790 0.67 0.74857 1.27 0.89796
-1.12 0.13136 -0.52 0.30153 0.08 0.53188 0.68 0.75175 1.28 0.89973
-1.11 0.13350 -0.51 0.30503 0.09 0.53386 0.69 0.7549%0 1.29 0.90147
—1.10 0.13567 -0.%0 0.30854 0.10 0.53983 0.70 0.73804 1.30 0.90320
-1.0 0.13786 -0.49 0.31207 0.11 0.54380 0.71 0.76115 1.31 0.90490
~1.08 0. 14007 —0.48 0.31361 0.12 0.54776 0.72 0.76424 1.32 0.90658
-1.07 0.14231 —-0.47 0.31918 0.13 0.55172 0.73 0.76730 1.33 0.90824
—1.06 014457 -0.46 0.32276 0.14 0.55367 0.74 0.77035 1.34 0.50983
—-1.05 0.14686 -0.45 0.32636 0.15 0.55962 0.75 0.77337 1.35 0.91149
—1.04 0.14917 -0.44 0.32997 0.16 0.56356 0.76 0.77637 1.36 0.91309
-1.03 0.15150 -0.43 0.33360 0.17 0.56749 0.77 0.77935 1.37 0.91466
—-1.02 0.15386 —-0.42 0.33724 0.18 0.57142 0.78 0.78230 1.38 0.91621
-1,01 0.15625 -0.41 0.34090 0.19 0.57535 0.79 0.78524 1.39 0.91774
-1.00 0.15866 -0.40 0.34458 0.20 0.57926  0.80 0.78814 1.40 0.91924
-0.9 0.16109 -0.39 0.34827 0.2t 0.58317  0.81 0.79103 1.41 0.92073
-0.98  0.16354 -0.38 0.35197 0.22 0.58706 0.8 0.79389 1.42 0.92220
-0.97  0.16602 -0.37  0.35569 0.23  0.5995 0.8 0.79673 1.43 0.92364

-0.96 0.16853 —0.36 0.35942 0.24 0.5%483 0.84 0.79935 1.44 0.92507

~0.93 0.17106 -0.35 0.36317 0.25 0.59871 0.85 0.80234 1.45 0.92647

-0.94 0.17361 -0.34 0.36603 0.26 0.60257  0.86 0.80511 1.46 0.92785

-0.93 0.17619 -0.33 0.37070 0.27 0.60642  0.87 0.80785 1.47 0.92922

-0.92 0.17879 -0.32 0.37448 0.28 0.61026  0.88 0.81057 1.48 0.93056

-0.91 0.18141 -0.31 0.37828 0.29 0.61409  0.89 0.81327 1.49 0.93189
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Table 1A. Cumulative standard normal distribution.
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Table 1B

Table 1B. The most commonly used critical values of Z-function

020 | 0.10 | 0.05 | 0.025 | 0.01 | 0.005 | 0.0025 | 0.001

0.84 | 1.28 | 1.64 1.96 | 2.33 2.57 2.81 3.09




Table 2

Table 2. The critical values of Student's t-function
(DF = degrees of freedom, a = level of significance).

o
PF 17026 0.20 045 040 005 0025 0005 00005
1 1.0005 1.376 1.963 3.078 6.314 12,706 63.657 636.619
2| 0.816 1.061 1.386 1.886 2.920 4.303 9.925 31.598
31 0.765 0.978 1.250 1.638 2.353 3.182 5.841  12.941
4 0.741 0.941 1.190 1.533 2.132 2.776 4.604 8.610
5] 0.727 0.920 1.156 1.476 2.015 2,871 4.032 6.859
6 0.718 0.906 1.134 1.440 1.943 2.447 3.707 5.959
7 0.711 0.8% 1.119 1.415 1.895 2.365 3.499 $.408
8| 0.706 0.889 1.108 1.397 1.860 2.306 3.355 S.041
9| 0.703 0.883 1.100 1.383 1.833 2.262 3,250 4.781
10| 0.700 0.879 1.093 1.312 1.812 2.228 3.169 4.587
11 0.697 0.876 1.088 1.363 1.79% 2.201 3,106 4.437
12 0.695 0.873 1.083 1.356 1.782 2.179 3.058 4.318
13 0.6%4 0.870 1.079 1.350 1.771 2.160 3.012 4.221
14 0.692 0.868 1.076 1.345 1.761 2.145 2.977 4.140
15| 0.60 0.866 1.074 1.341 1.733 2.131 2.947 4.073
16| 0.6% 0.866 1.071 1.337 1.746 2.120 2.921 4.018
17 0.639 0.863 1.069 1.333 1.740 2,110 2.898 J.968
18 0.688 0.862 1.067 1.330 1.734 2.101 - 2.878 3.022
19 0.688 0.861 1.066 1.328 1.729 2.093 2.50 3.883
20| 0.687 0.840 1.064 1.325 1.725 2.086 2.845 3.8%
21 0,686 0.859 1.063 1.323 1.721 2.080 2.831 3.819
22 | 0.6%6 0.838 1.061 1.321 1.717 2.074 2.819 3.792
23| 0,685 0.858 1.060 1.319 1.714 2.069 2.807 3.767
24 | 0.685 0.857 1.059 1.318 .71 2.064 2,997 3.745
25| 0.6%4 0.856 1.058 1.316 1.708 2.060 2.787 3.725
26| 0.634 0.856 1.058 1.315 1.706 2.056 2.7719 3.707
27 0.634 0.855 1.057 1.314 1.703 2.052 2.7 3.6%0
281 0.6%3 0.853 1.056 1.313 1.701 2.048 2.763 3.674
201 0.683 0.854 1.055 1.311 1.699 2.045 2.756 3.659
01 0.683 0.854 1.055 1.310 1.697 2.042 2.7%0 3.616
35| 0.682 0,852 1.052 1.306 1.690 2.030 2.74 3.591
40 | 0.681 0.851 1.050 1.303 1.684 2.021 2.704 3.551
45 0.630 0.850 1.048 1.301 1.680 ° 2.014 2.69%0 J.520
SO | 0.6%0 0.849 1.047 1.299 1.676 2,008 2.678 3.496
55| 0.679 0.849 1.047 1.297 1.673 2.004 2.669 3.476
Q| 0.679 0.848 1.046 1.296 1.671 2.000 2.660 3.460
0| 0,678 0.847 1.045 1.29%4 1.667 1.994 2.648 3,435
80| 0.678 0.847 1.044 1.293 1.665 1.9%0 2.638 3.416
0 0.678 0.816 1.043 1.291 1.662 1.987 2.632 3.402
100 | 0.677 0.816 1.042 1.29 1.661 1.984 2.626 3.3
200 | 0.676 0.844 1.039 1.286 1.653 1.972 2.601 3.340
300 | 0.676 0.843 1.038 1.285 1.650 1.968 2.592 3.323
400 | 0.676 0.843 1.038 1.284 1.649 1.966 2.588 3.315
00| 0.676 0.843 1.037 1.284 1.648 1.965 2.586 3.310
1000 | 0.675 0.842 1.037 1.283 1.647 1.962 2.581 3.301
w 0.67449 0.84162 1.03643 1.28155 1.64485 1.95096 2.57582 3.29053




Table 3

Table. 3. The critical values of F-function fora = 0.10
(DF; and DF, are degrees of freedom and a is level of significance)
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Degrees of freedom for denominator, DFz
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Table 3, The critical values of F-function for a = 0.05
(DF; and DF, are degrees of freedom, and a is level of significance).
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1.5%

170 1367

3

297!
s’

2.58

1A
MR
m
T}

S0

R Tt
¥ oy
y L1
1))
L2010
1.96
192
lux
P LR4

18l
178
1.76
.73
171

162
151
1.39
1.28
100

Interpoiation should be performed using reciprocals of the degrees of freedom.
Reproduced from Biometriha, Vol. 33 (1943), p. 73.
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Table 3. The critical values of F-function for a = 0.025
(DF, and DF4 are degrees of freedom, and a is level of significance).

Degrees of freedom for numerator, DF,

I 2.3 4 S & ) & 8 1 N 15 20 Nn o©

V BA) IS 19950 864 16 89958 92185 937 1) 24822 5656 96323 96361 97671 95487 99310 &37 25 1001 4
ML N0 WIT IS P WU WIE ¥ ¥ NLO B[O B S HE NE
1140 1804 1544 1510 1488 14T 1462 145 440 1447 4 1425 1407 1402 a8
122 1065 958 94 9% SN 907 &% 830 &M 8BS 806 8% 85 B84
1000 843 18 139 1S 696 685 68 668 662 652 64 6)) &2 6N

BB J2 660 623 S¥9 SE2 SN0 S60 552 S4 521 S 51 S12 SO/
80/ §% 589 $57 51 412 493 490 482 476 48] 4S) 44) 441 a4
18] 606 547 505 437 465 453 443 436 430 40 410 400 395 389
T 5T S0 412 443 402 40 410 403 3% 38 AN 361 3K 3%
BYA & 43 447 4M 407 3% 38S 378 3N 382 382 34 3N an

N 872 526 48 428 404 388 3 366 3% 383 4 1X 323 3 a2
12 65 510 447 412 383 323 361 35 34 1N 3 3w 300 3 298
13 841 497 4 400 31 360 348 3 I 3B 3N 3 295 218 1M
630 486 4M 389 XGE 3% 338 3 I 3y 306 2% 2 2B N
15 S0 477 415 380 IN J4) 3IX 320 312 Ie 2% 28 216 210 264

16 612 459 40 37 W I I I 3I0h 299 289 219 284 283 297
604 4n2 401 b M I 6 J08 298 WM 2182 1IN 2182 2% 2%
S8 45 I: 36N 338 3N 310 300 290 20 2N 240 % 19
1892 431 Jwm 356 31 3N 0% 2% 288 & 2 262 2% 24 2109
20 587 44 3% IS XM 313 301 291 284 2N 168 25 24 40 2%

71 581 40 3R d4 X 9 290 280 280 !N 84 253 242 M N
22 051 418 IM U IR 3B 193 XM 218 200 260 2% W™ 21 21
2 51 4 3N 34 38 302 2N 280 Q)3 260 250 240 2% 2 M
M 512 4R I 3 NS 2| 200 M 20 2% 254 24 233 1 2
%569 429 369 335 313 29 285 205 268 241 2% 240 2% 1M 218

566 427 J67 3N 30 234 282 213 8% 2% 243 239 228 122 216
563 424 3eS 331 308 29 280 2N 283 2% 240 238 225 219 M)
SGI 422 163 329 300 2w 278 269 28) 2% 245 M 2 210 2
9% 40 38 I I 288 208 260 298 283 243 232 o 218 208
557 418 3% 3B 300 28 205 25 Q%) 251 241 MM 2 214 200

542 405 D46 31 2 204 262 283 245 238 229 218 200 200 1
523 393 3IMM 300 2 280 251 241 23 2 210 208 14 188 &2
515 380 373 289 28 282 239 20 27 206 205 184 182 106 168
507 369 397 279 25! 240 229 219 21 205 1S4 18} 1N 164 1S)

Degrees of freedom for denominator, DF;
- = Com v e~

488 33T

£3




Degrees of freedom for denominator, DF;
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Table 3, The critical values of F-function for a = 0.01

(DF, and DFyare degrees of freedom, and a is level of significance).

Degrees of freedom for numerator, DF

1 e 3 Bl 5 6 7 L3 9 1o 12 15 U 24 3 40 & i -
D P 1 | LR, Tk ST [ oY . 0 PR “'7""!" XTI R
1405215000 S.403 5625 $764° 5859 S.928 S9%216.02316.056 6.106°6.1576.209.6235/6.26)'6.28716.3136.319,6.366
27985 {990 [992 1993 (993 [99.) 199.4 1994 [99.4 1994 (994 1994 199.4 "99.8 [99.5 [99.5 |99.5 |99.5 1995
3N 208 1295 1287 (282 109 1277|275 1273 1272 (200 1269 (267 266 1265 264 1261 I24»,: 11
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' ! ' | | .
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-

Bi1LD 'KeS 1759 1701 663 1637 (618 (603 {591 (SKL ;567 852 1536 |S.28 1520 |s.|: S03 495 1488
9/10.6 (K02 (699 642 606 SBO (561 (847 535 'S36 'S11 496 [48) (473 |46 457 (448 1440 (431
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' . ‘ : | H H
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Table 4. The critical values of chi-square function

(DF is degrees of freedom, and a is level of significance).
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Table 4

N [Continued
Table 4. The critical values of chi-square function ]

(DF is degrees of freedom, and a is level of significance).

o
DF
0.995 0.99 0.975 0.95 0.90 0.75 0.25 0.10 0.05 0.025 0.01 0.005

”n 60.005 52,531 56,501 10.003 74158 BL.8T4 §9.700  R0A.S61  LIL.268 119,282  125.289  129.451
2 60.815 63.409 67,356 70,252 7%.100 82.524  100.750  105.756 115,390 120,427  12b.462  130.631
9 bL.625 b4 238 68.211 11760 76.00% €3.574 101,800  110.550 116,311 120,571 127.6)3  131.371
£ 62.437 65.088 69.068 72.5W 76.512 84,625 107,850  110.964 107632 122,715 128.803  133.089
98 63,290 65.898 €9.%15 73.520 17.818 85.376  103.699 113,038  118.752 123,884 129973 134.247
96 64,063 66.730 10.753 74,501 78725 86,327 105,948 114,131 119871 125,000 131,141 135,483

97 64 278 67.562 T1.4%2 73.282 19.633 a3.278 108,997 115.223 120.9%0 126,141 132.%09% 36,619
9 65.694 68.3% 72.301 16,164 A0.561 58,229 107.045 116.313 122,108 127.242 133.476 137.523

9 66.313 69,230 73.361 77.046 81449 30,181 108.093 117.407 123.223 128.422 134.641 133,987
100 67.328 10.065 74222 77.929 82.358 ».13 109.141 118,498 124,342 129.5¢61 135.807 140,109
102 63,965 71737 75.94% 19.697 84.127 92.038 111.236 120,679 126.57% 131,538 138,138 142.532
104 70,606 73.413 17.672 51.468 43,998 93. 964 113.331 172.858 128,808 34,11 140,459 144,891
106 72.25L 15.002 19,600 53.240 87.82L 95.850 115.424 12%.035 131.031 136.382 142,730 147.247
108 11.899 76.776 £1.133 55.0L5 39.643 97.158 117.517 12r.211 133.1257 138,651 145.099 149,599
10 75,550 74458 82,867 B6.792 FL.471 99.666 119.603 119.385 133,440 140917 147,414 151,948
2 17.208 80.146 24,600 88.570 93.299 101.373 121.699 131.558 137.101 143.180 149,727 154,29

Lis 16,862 Al.838 £6.342 90.351 93,128 103 .485 123.78% 133.729 135.921 143441 152.037 156.637
116 5052 83.529 55,084 92.134 96.958 105.396 125.47¢8 135.898 142,138 147.700 154,364 145.977

118 51.185 45.225 59.827 93.918 98.7%0 107.307 127.967 138.066 1ak, 354 14%.957 156,848 161.314
120 53,852 B6.923 91.573 95.70% 100,624 109,220 130.055 160.233 146 367 152.211 158.950 163,648
122 §5.520 83.624 93.320 97.493 102.438 111.133 132,142 142.398 148,779 1544684 161.250 165,980
126 §7.192 90.327 95.070 99.283 104.295 113,046 134,222 144562 130.589 156.714 163.546 168,308
126 50.886 92,033 95.822 101.074 106.132 114,961 136.313 146.724 153.198 153.962 165,561 170,634
128 90.563 s3.741 98.576 102,867 107.971 116.876  133.3%¢ 148.8685 135,403 161.209 168.133 172,957
130 92.222 §5.451 100.331 104 .662 109.811 118,752 140 482 L51.045 157.610 163.453 170,423 175.278
132 93.504 .18 102.089 106,459 111.652 120,708 142,566 153.204 139,514 163,696 172,711 \77.597
134 95.588 95,878 103.848 104,257 113 .495 122.42% 144 649 135.361 162.016 167.936 174,996 179.913
136 97.275 100,59 105.605 110.05¢ 113.332 124,543 146,731 157.513 164,216 170,173 177.280 182.226
138 98. 964 102,304 107.3712 111.89 117.183 126,461 148,812 159.673 166.41% 172.412 179.561 156,538

140 100.655 104.034 109.1%7 113.659 119.02% 120.380 130,358 16L.827 168.613 174.643 1681.640 186.347

142 102.34¢ 105.757 110,903 115,443 120.876 130.299 152,975 163,920 170.809 176.882 184,118 1B3.154
144 104 . Ghiy 107 .482 112,671 117.268 122.728 133,219 155.08% 166,132 173.00¢ 179.114 166.393 191.458
146 105.741 108.209 1i&.441 119.075 124,374 134.140 157.18 168,258 175.198  181.344 165,666 193.761

148 107 441 110.937 116,212 120.88) 126,424 136.0861 159.213 170.432 177.3% 183,51 150.9)8 196 .062
150 109.142 112.668 117,935 122.692 128,378 137.983 | 141,291 172.381 179.48L 185 . 800 193,208 198,360
200 152,241 156.432 162.718 168.279 174,835 136.172 213.102 226.021 233.9% 2641.058 269,445 295.2064
250 196,161 200,939 08.098 214,392 221.808~- 234577 264.597 279.050 237,832 295.689 304, 940 311,346
20 240,663 245.972 253.912 260,878 265.088 253,135 316.138 331.789 341,39 349 874 159, %06 366, Bad
400 330.903 337,155 346 .482 195,841 364.207 IN.STT 418,697 436,649 447,632  457.305 68,724 476,606
500 422,303 629,328 436.9% 449,147 &59.92% 478323 520,950 54&0.930 553127 563,852 576.493 5as8.200
600 514.529 522,365  S534.019 344,180  556.056  575.286  §22. 988  644.800  630.004 669.769  683.516 692,931
700 607,380 615,907 628.877 639.613 651.497 674.413 724,861 743,359 762.661 775.211 789.974 800.131
300 100.725 709.8%) 721.51) 735.362 749,183 172669 | A26.60% 851,671 566,911 8B0.278 295.984 906.736
500 194,475 804.252 818,756 831.370 846,075 B71.032 §18,241 954,782 970.904 985.032 1001.63 101L).03%6
1000 835.564 898,912  914.257  927.5% 943,133 969.484  1029,790 1057.724 L0O74.679 1089.531 1106.96% 1118548

The exact critical values for DF > 150 can be calculated as follows:
For a =0.05, 5005 =1.0499 DF + 26.664
For a =0.025, %0.025 =1.0623 DF + 30.192
For a=0.01, %0010 =1.0739 DF + 36.555
Fora= 0005, %0.005 = 1.0781 DF + 43785
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Table 6

Table 6. Critical values for the Cramer-von Mises normality test (w? function);
a is level of significance.

Omega-square ol = 0.10 0.05 0.025 0.001

N 0.10 0.025  0.001

ujc 0.104 0.126 0.148 0.178




Table 7

Table 7. Critical values for the Mann-Whitney U-test.
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Table 8

Table 8. Critical values of Rao's k, for directional data.

Confidence Significance Required KB
semi-interval level
(semi-sector)
sSemi-sSec r ol
A%
0.10 354.6292
5° 0.05 504.0610
0.01 870.6882
0.10 88.7598
10° 0.05 126.1125
0.0 217.9236
0.10 22.1772
20° 0.05 31.5221
0.01 54,4496




Table 9

Table 9. Special critical values for the Fisher {-test of Spearman’s rank-correlation
coefficient when n < 8 (a is level of significance).

n oL = 0.05 ol = 0.01
<4 — -

. 1.000 —

6 0.886 1.000

7 0.750 0.893

8 0.714 0.857




Appendix
matrix algebra

From:
Staniey, L.T. (1973). Practical Statistics for Petroleum Geologists. Petroleum Publishing
Company, Tulsa, Oklahoma.



Matrix methods

Nomenclature and General Application of Matrices

Though the nomenclature and application may seem ruther complex at first,
matrix procedures really are highly formalized and easy to follow.
An exumple of & matrix is

Wyp Bygee s B

Wy Nygeo Big

A

Wit Wigso v o len

The array has m rows and n columns, and would be called a matrix of m x n
order,

For example, the two equations

agX 1 agy =Kk,
il_-.l + “‘.y = k‘

o #y ky
(P PP Y
If there are n equations in n varables their matrix has n rows and n 4 |
columns, “The square arriy formed by a table of the n columns and n rows such

us
[“u “u]
4 4y
gives rise o a number called a determinant of the n™ order und expressed
analogously by use of vertical bars, thus:

4y Ay
dy

are represented by the matrix

In this case, where n = 2, the determinant is merely another way of writing the
difference of the diagonal products. This is
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